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A Material Point Method for Reissner-Mindlin Shells

Tianrun Gaoa, David Hydea,∗

aDepartment of Computer Science, Vanderbilt University, 1400 18th Avenue South, Nashville, TN, USA 37212-2846

Abstract

This study proposes a novel material point method (MPM) for thin Reissner–Mindlin (RM) shells. The
weak form of the RM shell is derived on 2D curved surfaces using Hamilton’s principle, and then the
formulations in the 2D surface space are transformed to 3D Cartesian space in which the MPM background
grid is defined. The proposed MPM shell method describes shell dynamics using a unified equation that is
compatible with either the updated or total Lagrangian framework. The discretization of the weak form
is performed with a general interpolation material point (GIMP) approach. Newmark-β time integration
is adopted, which allows a much larger time step than the widely used update-stress-last (USL) scheme.
For numerical stability, stress points are employed, and the gradients of shell field values are calculated
on the curvilinear surface using the kernel function method. At stress points, stress tensors are updated
incrementally, considering large deformations and rotations. Furthermore, an anti-hourglass term is proposed
to further improve the numerical stability of computing pseudo-normals of the shell. Self- or multi-body
contact of the shell can be treated easily, inheriting MPM’s natural handling of collisions and topological
changes. A set of benchmark cases demonstrates the robustness and accuracy of the proposed method.
Notably, the MPM shell method can produce highly accurate predictions with an MPM grid cell size much
larger than the shell thickness, which eliminates the need for a very fine grid to resolve stress in the thickness
direction, as in traditional MPM. To the authors’ knowledge, this is the first MPM work that uses thin shell
theory and avoids relying on a meshed discretization of the shell.

Keywords: Material point method, Thin shell, Hybrid particle-grid method, Reissner-Mindlin shell, Kernel
function

1. Introduction1

Thin shell structures [1] appear and are modeled in many industries, such as ocean [2], aerospace [3],2

civil [4], or even biomedical engineering [5], due to their light weight and compactness properties. Under3

extreme conditions, thin structures are often the first to undergo large deformations, which can pose safety4

threats such as the buckling of rocket fairings, cooling towers, or vehicle roofs. Therefore, accurately and5

efficiently simulating the deformation of thin shells remains an important topic in computational physics6

research [6, 7, 8, 9].7

The conceptually simplest simulation approach for thin shell structures is to treat the shell as any other8

volumetric three-dimensional structure, whereby conventional techniques like the finite element method9

(FEM) can be directly applied. However, for a method like FEM to produce accurate results, multiple10

layers of elements should be deployed in the thickness direction. Thus, in order to preserve element quality,11

meshing of thin shells typically requires an extensive number of elements, resulting in needless computational12

cost. Additionally, shear or volume locking problems may occur in this approach [10], reducing predictive13

accuracy.14

Instead of the volumetric approach, a promising alternative is to apply thin shell theory to the struc-15

ture. Thin shell theory generally treats three-dimensional shells as codimension-one (i.e., two-dimensional)16

surfaces. Various plate and shell theories have been developed (see [11, 12, 13] and the references therein),17

such as Timoshenko’s plate theory, Cosserat plate theory, and third-order shear deformation plate theory18
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[14]. However, two of the most popular shell models are Reissner-Mindlin (RM) and Kirchoff-Love (KL)19

shells. For instance, these models are implemented in popular modeling packages such as ABAQUS [15],20

NGSolve [16, 17], and COMSOL [18]. Describing the bending stiffness of the surface using the so-called fiber21

direction [19, 20, 21] yields the RM shell model [22, 23, 24], in which the fiber direction is not necessarily22

perpendicular to the shell surface. The RM shell has been reported to suffer from transverse shear locking23

if the shape function and element integration are not properly handled [25]. For this problem, in recent24

decades there have been numerous studies focusing on the iso-geometric analysis (IGA) approach to deploy25

high-order smooth shape functions to simulate the RM shell more accurately [26, 27]. The KL shell model26

[28, 29] assumes that the fiber direction is always perpendicular to the shell surface, and this shell model27

eliminates the rotational degree of freedom and therefore the locking effect. However, the KL shell requires28

C1 continuity for the shape functions, and the formulations (expressed using convected coordinates) are quite29

complicated for calculating the normal direction and its gradient. In contrast, the RM shell only requires30

C0 continuity, and the governing equations are noticeably succinct compared to the KL shell.31

In addition to specially designed elements for the shell based on FEM, meshless methods have also been32

used to simulate shell deformation. Smoothed particle hydrodynamics (SPH) is the earliest meshless method,33

proposed in [30], and recently it has been used to model shell structures [31, 32]. Peridynamics, another34

meshless method that is suitable for crack modeling, has also recently been applied for shell simulation35

[33, 34]. The element-free Galerkin (EFG) method is proposed in [35], which deploys disordered points in36

the field and then constructs shape functions using the least-squares method. A similar approach is called the37

reproducing kernel particle method (RKPM) [36], where the shape function is established using moving least38

squares combined with the window function. Recently, these two methods have been seen in the simulation39

of shell structures [37, 38]. The material point method (MPM) [39, 40] is another meshless method based on40

the Galerkin approach, which distinguishes itself in that MPM does not require constructing shape functions41

using particles as in EFG or RKPM. In MPM, a set of Lagrangian particles is deployed in the field, carrying all42

the field values, and a static background grid is used to solve the governing equations. Owing to this feature,43

MPM has been shown to robustly simulate numerous solid and fluid dynamics such as large deformation44

and contact [39], impact [41], penetration [42], fracture [43], and surface tension [44, 45], among others.45

The conventional linear MPM has the so-called cell-crossing instability [46], and to alleviate this issue, the46

generalized interpolation material point method (GIMP) [47] and the convected particle domain interpolation47

(CPDI) [48] are proposed. Using B-spline shape functions [49] also shows improved performance.48

Due to MPM’s advantages in handling large deformations, several studies have applied MPM to simulate49

thin structures in computational mechanics and computer graphics. In early explorations, thin structures50

were not modeled as “true” thin shells: prior MPM studies often regard the shell as a volumetric 3D body, such51

as the cantilever beam of [50] or the cylindrical thin wall of [51]. While these simulations produce accurate52

results, the consequence of this modeling choice is that the required grid cell size is extremely fine, e.g., 1/8 of53

the shell’s thickness [50], in order to resolve the stress in the thickness direction. A similar study is presented54

in [52], where the CPDI method is used to simulate beam vibration using polygonal cells in the beam body;55

however, the grid cell size is again required to be fine in the thickness direction to achieve accurate results.56

Compared to volumetric approaches, a shell modeling method that reduces a volumetric thin body into a57

surface—and avoids the requirement of fine grid resolution in the thickness direction—is naturally appealing.58

In this vein, membrane structures are simulated using the traditional MPM method in [53], where bending59

stiffness is not considered, and a similar study can be found in [54]. An MPM formulation for shell structures60

is also reported in [55]; however, severe numerical instability appears under large deformations and was not61

solved since then. Considering the difficulty in using MPM for shells, a combination of FEM and MPM is62

therefore explored to couple thin shells with other materials [56]. Compared to the computational mechanics63

community, MPM-based shell methods seem to receive more attention in the computer graphics community,64

in which cloth simulation is usually explored [57, 58, 59, 60], where folded and twisted behaviors are displayed;65

however, these methods are all conventionally mesh-based. In [61], subdivision FEM is deployed in the shell66

domain, and this method is coupled with MPM to handle contact, yielding successful results for simulating67

severely twisted shells. This method was used in [62] to simulate cloth deformation. However, this method68

relies on mesh-based FEM to calculate deformation tensors, which loses the meshless feature of MPM in the69

particle domain.70

We highlight two recent studies based on MPM for thin structure simulation. In [63], the rotational degree71

of freedom is added to the beam using the CPDI method. Although accurate results are obtained, this method72
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still requires a volumetric approach for element deployment, which can impose a strong restriction on the73

grid cell size required for accuracy (in their examples, the authors choose a grid cell size equal to half the74

distance between discrete sample points on the simulated beams; they do not show results when their grid75

is relatively very coarse). A so-called solid shell MPM based on CPDI is proposed in [64], where the shell76

particles are characterized with hexahedral cells. In this work, the deformation strains of the hexahedral cells77

must be treated with care to eliminate the locking phenomenon. Moreover, this method still requires that78

the grid cell size be almost the same as the shell thickness. Neither of [63, 64] uses a thin shell theory such79

as KL or RM. Overall, an MPM for “genuine” thin shells is still lacking from the literature—a fact pointed80

out by de Vaucorbeil et al. in [46], where the authors “[...] observe a lack of MPM formulations for structural81

elements such as beams and shells”. Our work resolves this gap in the literature, yielding a genuine MPM82

for thin shells with appealing numerical properties.83

In this study, we propose an MPM shell method based on the RM shell theory. This method only requires84

one layer of particles in the shell and totally eliminates the need of deploying a grid cell size finer than the85

shell thickness as in traditional MPM. Our method is distinct from CPDI, which requires a mesh in the shell86

body, and in this study, GIMP is used instead to make the MPM shell method possess the “meshless” feature87

as much as possible. The RM shell under large deformation is derived using Hamilton’s principle on a 2D88

curved surface, and a transformation is made to describe the MPM shell in the 3D Cartesian space, which89

is critical to make MPM possible for the shell theory. The kernel function method is used to calculate the90

gradients of field values on the curvilinear surface of the shell. Stress points and an enhanced stability term91

further improve the numerical stability of the MPM shell method. Additionally, self- or multi-body contact92

between shells can be treated easily in the present method.93

The remainder of this paper is organized as follows. In Section 2, the kinematics and dynamics of the shell94

are described based on Hamilton’s principle. Section 3 elaborates on the MPM discretization method based95

on the weak form, including the transformation from 2D to 3D, P2G and G2P steps, and time integration.96

Sections 4 and 5 describe the stress estimation on the shell particles, enhanced numerical stability, contact97

treatment, and further implementation details. A set of cases is simulated using the MPM shell method in98

Section 6 to showcase the advantages of the proposed method.99

2. Shell Governing Equations100

We adopt the RM shell theory for our MPM shell method. Although RM shells have been explored101

using FEM and SPH, they remain unexplored in MPM, as clearly pointed out in [46]. In order to use RM102

shells in the context of MPM, in what follows, we derive the governing equations of the RM shell in the103

weak form using Hamilton’s principle. Although the introduction of continuous governing equations here is104

similar to the setup of [8], which considered thin shells using SPH, we emphasize that the discretization in105

the subsequent sections using MPM is fundamentally distinct.106

2.1. Shell kinematics107

When the shell structure is not deformed, a material point X0 in the shell body can be described108

completely using coordinates on the mid-surface φ0 and the material fiber direction n0 (in the reference109

configuration ΩX), written as110

X0 (ξ1, ξ2, ξ3) = φ0 (ξ1, ξ2) + ξ3n0 (ξ1, ξ2) . (1)

Using a curvilinear coordinate system, the mid-surface φ0 can be described using only two spatial coordinates;111

the local curvilinear coordinates (ξ1, ξ2) describe the position of X0 on the curved surface. ξ3 denotes the112

position in the material fiber direction, which will be called the pseudo-normal in this study. Then, when113

the shell deforms, the corresponding deformed point (in the current configuration Ωx) on the shell body can114

be expressed as115

x (ξ1, ξ2, ξ3) = φ (ξ1, ξ2) + ξ3n (ξ1, ξ2) , (2)

where φ and n are the deformed mid-surface and pseudo-normal corresponding to φ0 and n0, respectively.116

Assuming no thickness deformation, ∥n0∥ = ∥n∥ = 1. Furthermore, we note that n is not always perpen-117

dicular to the mid-surface in the RM shell model.118
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Fig. 1. Schematic of an RM shell in reference and current configurations.

In order to obtain the local deformation gradient F(ξ1, ξ2, ξ3), the local convected vectors in the reference119

and current configurations should be calculated, expressed as120

G(α) =
∂X0

∂ξα
=

∂φ0

∂ξα
+ ξ3

∂n0

∂ξα
= A(α) + ξ3

∂n0

∂ξα
, (α = 1, 2)

G(3) =
∂X0

∂ξ3
= n0,

(3)

and121

g(α) =
∂x

∂ξα
=

∂φ

∂ξα
+ ξ3

∂n

∂ξα
= a(α) + ξ3

∂n

∂ξα
, (α = 1, 2)

g(3) =
∂x

∂ξ3
= n,

(4)

respectively. As shown in Figure 1, G(α) are convected vectors at (ξ1, ξ2, ξ3) and A(α) are those on the122

mid-surface, i.e., A(α)(ξ1, ξ2) = G(α)(ξ1, ξ2, 0). For simplicity, A(α) are deployed orthogonal to each other123

in the reference configuration. Note that this work focuses on shells with initially smooth geometry, which124

means that there are no numerical discontinuities such as corners or stiffened ribs involved in the shell. For125

shells with stiffened ribs, the multi-patch approach [65] may be adopted in a future study. Given Equations126

3 and 4, the deformation gradient F(ξ1, ξ2, ξ3) at the height ξ3 along the thickness direction can be derived127

as128

F(ξ1, ξ2, ξ3) =
[
g(α)

] [
G(α)

]−1
. (5)

129

2.2. Shell dynamics130

The governing equations of the shell are described in the weak form using Hamilton’s principle, expressed131

as132 ∫ T

0

(δK − δU − δW ) dt = 0, (6)

where δK, δU and δW are variational kinetic energy, potential energy, and external work, respectively, with133

δ the variational operator, and T is the current simulation time. We can estimate δK at the local shell134

surface S0 in the reference configuration as135

δK =

∫∫

S0

∫ ζ/2

−ζ/2

ρ (φ̇+ ξ3ṅ) · δ (φ̇+ ξ3ṅ) dξ3dξ1dξ2,

=

∫∫

S0

(I0φ̇ · δφ̇+ I1ṅ · δφ̇+ I1φ̇ · δṅ+ I2ṅ · δṅ) dξ1dξ2,
(7)
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where ζ is the shell thickness, and I0 and I2 are written as136

I0 =

∫ ζ/2

−ζ/2

ρdξ3, I1 =

∫ ζ/2

−ζ/2

ρξ3dξ3 = 0, I2 =

∫ ζ/2

−ζ/2

ρξ23dξ3, (8)

with ρ the shell density. In Equation (7), I1 = 0 is based on the assumption that the material is uniform in137

the thickness direction, and this assumption holds throughout this work. Herein, •̇ and •̈ denote the first-138

and second-order derivative of • with respect to time. Integrating δK in the time interval [0, T ], we obtain139

∫ T

0

δKdt = −
∫ T

0

∫∫

S0

(I0φ̈ · δφ+ I2n̈ · δn) dξ1dξ2dt. (9)

Likewise, the variational work exerted on the shell surface can be calculated with140

δW = −
∫∫

S0

(f · δφ+m · δθ) dξ1dξ2, (10)

where f and m are the force and moment per area exerted on the mid-surface in the reference configuration,141

respectively. Considering δn = δθ × n and neglecting the drilling rotation around pseudo normal, we have142

m · δθ = (m× n) · δn, where ‘×’ denotes the cross product operator.143

For δU , the variational potential energy, we express this quantity in the reference configuration as144

δU =

∫

ΩX

P : δFdV =

∫

Ω

tr
(
PδFT

)
dV

=

∫

Ω0

tr

(
Pδ
{[

g(α)

] [
G(α)

]−1
}T
)
dV =

∫

Ω

tr
(
P
[
G(α)

]−T
δgT

(α)

)
dV

=

∫

Ω0

tr

[
P
[
G(α)

]−T
δ

{(
∂φ

∂ξ1
,
∂φ

∂ξ2
, 0

)
+ ξ3

(
∂n

∂ξ1
,
∂n

∂ξ2
, 0

)
+ (0, 0,n)

}T
]
dV

=

∫∫

S0

∫ ζ/2

−ζ/2

tr

[
P
[
G(α)

]−T
δ

{(
∂φ

∂ξ1
,
∂φ

∂ξ2
, 0

)
+ ξ3

(
∂n

∂ξ1
,
∂n

∂ξ2
, 0

)
+ (0, 0,n)

}T
]
dξ3dξ1dξ2

=

∫∫

S0

tr

[
Nδ

(
∂φ

∂ξ1
,
∂φ

∂ξ2
, 0

)T

+Mδ

(
∂n

∂ξ1
,
∂n

∂ξ2
, 0

)T

+Nδ (0, 0,n)
T

]
dξ1dξ2,

(11)

where145

N =

∫ ζ/2

−ζ/2

P[G(α)]
−Tdξ3, M =

∫ ζ/2

−ζ/2

P[G(α)]
−Tξ3dξ3. (12)

Here, σ and P are the Cauchy stress and first Piola-Kirchhoff (PK) stress, respectively, with the relation146

written as P = JσF−T, with J = |F|. In implementation, the two integrals in Equation (12) can be147

calculated using the Gaussian quadrature approach, and three points turn out to be sufficient for an accurate148

integration.149

Combining Equations (6), (9), (10) and (11), we have150

∫ T

0

(δK − δU − δW ) dt = −
∫ T

0

∫∫

S0

{
I0φ̈ · δφ+ I2n̈ · δn− f · δφ− (m× n) · δn

+ tr

[
Nδ

(
∂φ

∂ξ1
,
∂φ

∂ξ2
, 0

)T

+Mδ

(
∂n

∂ξ1
,
∂n

∂ξ2
, 0

)T

+Nδ (0, 0,n)
T

]}
dξ1dξ2dt = 0.

(13)

Since T is arbitrary, then by the fundamental theorem of calculus, we obtain151

∫∫

S0

{
I0φ̈ · δφ+ I2n̈ · δn− f · δφ− (m× n) · δn

+ tr

[
Nδ

(
∂φ

∂ξ1
,
∂φ

∂ξ2
, 0

)T

+Mδ

(
∂n

∂ξ1
,
∂n

∂ξ2
, 0

)T

+Nδ (0, 0,n)
T

]}
dξ1dξ2 = 0.

(14)
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This equation is a general weak form for the shell derived using only mid-surface and pseudo-normal motions.152

Note that this formulation is different from the conventional ones given in [66] and [67], where the rotation153

angles are directly used in the governing equations. In contrast, the present formulation separates the rotation154

angle from the pseudo-normal in the weak form, which renders the governing equation more concise.155

3. MPM Discretization156

3.1. Brief overview of the method157

In the present MPM for RM shells, the overall particle-to-grid (P2G) and grid-to-particle (G2P) steps158

are retained as a merit of MPM. The difference is that MPM background integration is implemented by159

a transformation from 2D curved surface to 3D Cartesian space, as derived in Section 3.2, and the P2G160

and G2P steps are derived based on the transformed equation in Equation (18). In addition, stress points161

(Section 4.1) are deployed to increase the robustness of this method, and the deformation gradients, strain,162

and stress are directly calculated using the kernel function approach introduced in Section 4.2, instead of163

relying on grids as in conventional MPM.164

3.2. From 2D curved surface to 3D Cartesian space165

At first glance, Equation (14) above seems impossible to implement based on MPM, because this equation166

is described on the 2D curved surface, which is incompatible with MPM described in 3D Cartesian space.167

We propose a novel transformation to map this equation described in 2D curvilinear surface space into an168

equation in 3D Cartesian space.169

Keeping in mind that all field values do not change along the thickness direction, we can integrate170

Equation (14) in the thickness direction again:171

∫ ζ/2

−ζ/2

∫∫

S0

{
I0φ̈ · δφ+ I2n̈ · δn− f · δφ− (m× n) · δn

+ tr

[
Nδ

(
∂φ

∂ξ1
,
∂φ

∂ξ2
, 0

)T

+Mδ

(
∂n

∂ξ1
,
∂n

∂ξ2
, 0

)T

+Nδ (0, 0,n)
T

]}
dξ1dξ2dξ3 = 0.

(15)

Given that the field values are invariant along the thickness direction, the convected vectors in the ξα system172

can be written in the Cartesian reference or current configuration via173

(
∂φ

∂ξ1
,
∂φ

∂ξ2
, 0

)T

= L
[
g0
(α)

]T
∇xφ,

(
∂n

∂ξ1
,
∂n

∂ξ2
, 0

)T

= L
[
g0
(α)

]T
∇xn,

or
(
∂φ

∂ξ1
,
∂φ

∂ξ2
, 0

)T

= L
[
G0

(α)

]T
∇Xφ,

(
∂n

∂ξ1
,
∂n

∂ξ2
, 0

)T

= L
[
G0

(α)

]T
∇Xn,

(16)

with174

L =



1 0 0
0 1 0
0 0 0


 . (17)

Given the transformation above, then Equation (15) is written as175

∫

Ωx

1

J

[
I0φ̈ · δφ+ I2n̈ · δn− f · δφ− (m× n) · δn

+ tr
(
NL[g0

(α)]
T∇xδφ+ML[g0

(α)]
T∇xδn+N(3) · δn

)]
dVx

=

∫

ΩX

[
I0φ̈ · δφ+ I2n̈ · δn− f · δφ− (m× n) · δn

+ tr
(
NL[G0

(α)]
T∇Xδφ+ML[G0

(α)]
T∇Xδn+N(3) · δn

)]
dVX = 0,

(18)

where Vx and VX are the infinitesimal volume in the current and reference configurations, respectively.176
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Reference configurationCurrent configuration 
(Updated Lagrangian)

Current configuration 
(Total Lagrangian)

Shell particle Affected grid cell

Ω𝑥𝑥

Ω𝑋𝑋

Ω𝑥𝑥

Ω𝑋𝑋 Ω𝑋𝑋

Fig. 2. Reference (ΩX) and current (Ωx) configurations of a shell and their corresponding affected grid cells. Either updated or total
Lagrangian frameworks can be used to describe the governing equations, unified in Equation (18). The diagrams here assume linear
interpolation is used.

Equation (18) above transforms the 2D curved surface into 3D Cartesian space, which renders MPM177

feasible for the simulation of RM shells in 3D space. In fact, Equation (18) describes the shell dynamics in178

4D space due to the additional integration in Equation (15), but this does not affect the kinematics of the179

mid-surface and pseudo-normal.180

Another merit of this formula is that both updated and total Lagrangian descriptions can be described181

in the same framework: this choice can be decided by selecting the transformation matrix [g0
(α)] or [G0

(α)],182

which are short for [g(α)(ξ1, ξ2, 0)] or [G(α)(ξ1, ξ2, 0)], respectively. As shown in Figure 2, when a shell body183

deforms to a configuration Ωx, choosing updated and total Lagrangian descriptions will lead to different184

affected grid cells (shown in light blue). In this study, the total Lagrangian framework will be focused185

on, because only the affected grid cells around the shell particles in the reference configuration are used;186

therefore, the associated “active” grid nodes do not change during a simulation, which avoids recomputations187

needed in the updated Lagrangian framework. In addition, the total Lagrangian framework is normally188

more stable and robust since it avoids potential numerical issues arising from the changing derivatives in the189

updated configuration. Nonetheless, a comparison between the two frameworks is given in Section 6.2.1.190

The RKPM approach has recently been extended to shell simulations [68, 69]. Similarly, RKPM also uses191

a background mesh for numerical integration, which is usually in a total Lagrangian framework. Although192

an updated Lagrangian framework is also feasible in principle, mesh distortion is not absolutely eradicated.193

In contrast, the present MPM for RM shells uses a Cartesian background mesh, allowing both total and194

updated Lagrangian frameworks, and therefore there is theoretically no potential mesh distortion issue.195

3.3. P2G196

In MPM, information from (generally, moving) particles is transferred to a static background grid via197

a particle-to-grid (P2G) step, and updates for momentum and other terms are then solved for on the grid.198

Updated quantities on the grid are then interpolated back to particles in a grid-to-particle (G2P) step, and199

finally, particle-based quantities such as position are updated [70]. This hybrid particle-grid strategy renders200

MPM flexible for solving the problems with large deformations, especially since compared to a technique like201

FEM there is no risk of degraded element quality since only the particles move.202

In the initial configuration, assuming there are Np shell particles, Equation (18) can be rewritten using203

shell particles as204

Np∑

p

∫

Ωp
X

[
I0φ̈ · δφ+ I2n̈ · δn− f · δφ− (m× n) · δn

+tr
(
NL[G0

(α)]
T∇δφ+ML[G0

(α)]
T∇δn+N(3) · δn

)]
Hp(X)dVX .

(19)

In the original MPM, Hp(X) = H(X − φp), with φp the position of particle p, denotes the Dirac function205

with its particle domain width being zero; however, this method presents numerical instability. In the GIMP206
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method, H(X−φp) denotes the particle characteristic function, which has a non-zero particle domain width.207

For more details, the readers are referred to [47]. In this study, the width of shell particles ∆x is selected as208

the (uniform) grid cell width ∆xg, i.e., ∆x = ∆xg, which shows high robustness and accuracy.209

If the field value of a shell particle is approximated using the grid, the mid-surface and pseudo-normal210

are written as211

δφ(X) = δφISI(X), δn(X) = δnISI(X),

φ̈(X) = φ̈ISI(X), n̈(X) = n̈ISI(X),
(20)

where SI(X) is the shape function corresponding to node I. In this study, the widely used linear quadrilateral212

and brick elements are employed for 2D and 3D cases, respectively, in the grid domain in this study. This213

shape function is widely used in linear MPM, but a complete linear MPM is not stable due to continuity214

C0, which is why the GIMP with continuity C1 is adopted for shape functions. Note that high-order shape215

functions such as B-splines may provide better stability. Based on the GIMP method and considering216

Equations (19) and (20), Equation (19) can be rewritten as217

Np∑

p

∫

Ωp
X

[
I0pφ̈JSJ · δφISI + I2pn̈JSJ · δnISI − fp · δφISI − (m× n) · δnISI

]
Hp

+ tr
(
Np∇SIδφI +Mp∇SIδnI +N(3)p · SIδnI

)
HpdVX

=

Np∑

p

∫

Ωp
X

δφT
I

(
I0pφ̈JSJSI + Np∇SI − fpSI

)
Hp

+ δnT
I

[
I2pn̈JSJSI +Mp∇SI +N(3)pSI − (m× n)p SI

]
HpdVX = 0,

(21)

with218

Np = NL[G0
(α)]

T, Mp = ML[G0
(α)]

T. (22)

Using the variational principle, the equation above can be reorganized as219

Np∑

p

I0pS̄JIpφ̈J =

Np∑

p

(
−Np∇S̄Ip + fpS̄Ip

)
,

Np∑

p

I2pS̄JIpn̈J =

Np∑

p

[
−Mp∇S̄Ip −N(3)pS̄Ip + (m× n)p S̄Ip

]
,

(23)

with220

S̄JIp =

∫

Ωp
X

SJSIHpdV, S̄Ip =

∫

Ωp
X

SIHpdV, ∇S̄Ip =

∫

Ωp
X

∇SIHpdV. (24)

In practice, the new shape functions are rewritten as221

S̄Ip =

∫
Ωp

X
SIHpdV∫

Ωp
X
HpdV

, ∇S̄Ip =

∫
Ωp

X
∇SIHpdV∫

Ωp
X
HpdV

, (25)

to ensure the unity property of the shape functions for a particle p, i.e.,222

∑

I

S̄Ip = 1,
∑

I

∇S̄Ip = 0. (26)

Equations (23)–(26) show how the GIMP shape functions are derived based on the original linear MPM223

shape functions. On the left-hand side of Equation (23), the coupling effect between different nodes leads224

to a consistent mass matrix, which requires solving a linear system to derive φ̈J and n̈J , which is usually225

time-consuming. To circumvent this, the row mass lumping technique is used instead to solve φ̈ and n̈226
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I
p

(a) P2G (b) G2P

Stress pointShell particle Grid point Affected grid cell

∆𝑥𝑥g

Fig. 3. Discretization with MPM includes (a) P2G and (b) G2P steps. Our implementation uses a total Lagrangian framework with
stress points (red; introduced in Section 4.1). In the P2G step, quantities stored on the shell particles and stress points are mapped to
the grid nodes, and in the G2P step, quantities on the grid nodes are mapped back only to the shell particles.

explicitly, expressed as227

φ̈I

Np∑

p

I0pS̄Ip =

Np∑

p

(
−Np∇S̄Ip + fpS̄Ip

)
,

n̈I

Np∑

p

I2pS̄Ip =

Np∑

p

[
−Mp∇S̄Ip −N(3)pS̄Ip + (m× n)p S̄Ip

]
,

(27)

with which the acceleration φ̈I and n̈I at the nodes can be obtained efficiently. In Equation (27), one can228

observe that the neighboring particles of a grid node should be looped over to get equivalent mass or force at229

a node, which will be called a P2G step, as shown in Figure 3(a). We note that in Figure 3(a), the particles230

in the domain include shell particles and stress points (which will be introduced in Section 4.1).231

In the P2G step, the mid-surface velocity and pseudo-normal rotational velocity should also be mapped232

from the shell particles to the grid, expressed as233

φ̇I =

Np∑

p

φ̇pS̄Ip/

Np∑

p

S̄Ip, θ̇I =

Np∑

p

θ̇pS̄Ip/

Np∑

p

S̄Ip. (28)

Here, θ̇p and θ̈p are the rotational velocity and acceleration, which will be introduced in Equation (30).234

These two equations will be used in the G2P step. In the total Lagrangian framework, the particles that235

a grid cell contains can be searched beforehand and stored for later use, and the neighboring particles of a236

node will not change thereafter. Thus, the P2G step is quite efficient.237

To clarify how the variables are represented and transferred between particles and grid nodes, we provide238

a brief summary of the P2G step here. The key task of the P2G step is to know the force terms and mass239

terms on the right-hand and left-hand sides of Equation (27), for which our goal is to calculate Np, fp, Mp,240

N(3)p, (m× n)p for forces, and I0p, I2p for mass, respectively. To calculate these values, one can refer to241

Equations (40), (47), (12), (22), (10) and (8) in sequence (refer to Algorithm 1). Given those values, the242

summation in Equation (27) forms a P2G mapping process. Then φ̈I and n̈I are obtained followed by the243

G2P step.244

3.4. G2P and particle quantity updates245

After the accelerations φ̈I and n̈I at the nodes are obtained, we can perform a G2P step that interpolates246

nodal acceleration values back to shell particles. We emphasize that all the external forces on the particles,247

including gravity, pressure, force, etc., have already been handled in the P2G step, i.e., on the right-hand248

side of Equation (27).249
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Considering the unity property of Equation (26), φ̈i and n̈i at the particles can be calculated using the250

GIMP shape functions as251

φ̈i = S̄Iiφ̈I , n̈i = S̄Iin̈I . (29)

It is worth noting that the G2P step is only implemented on the shell particles i, not on the stress points252

(the values of stress points will be interpolated from shell particles as introduced in Section 4.1), as shown253

in Figure 3(b). The rotational acceleration θ̈i can be derived using the relation254

θ̈i = ni × n̈i −
(
θ̇i · ni

)
ni × θ̇i +

(
ni · θ̈i

)
ni, (30)

and when the rotation with respect to the pseudo-normal is neglected, the equation above reduces to θ̈i =255

ni × n̈i.256

Given φ̈i and θ̈i, field values can be updated on the particles. In this paper, we use the explicit Newmark-257

β method [71], which allows a much larger integration time step and is much more stable than the traditional258

first-order time integration used in MPM. In the explicit Newmark-β method, there are two sub-time steps:259

prediction and correction steps. In the prediction step, the field values are updated as260

φ̃n+1
i = φn

i +∆t ˙̄φ
n
i +

∆t2

2
(1− 2β)φ̈n

i ,

˙̃φ
n+1

i = ϵφ̇n
i + (1− ϵ) ˙̄φn

i +∆t(1− γ)φ̈n
i ,

θ̃
n+1

i = θn
i +∆t ˙̄θ

n

i +
∆t2

2
(1− 2β)θ̈

n

i ,

˙̃
θ
n+1

i = ϵθ̇
n

i + (1− ϵ) ˙̄θn
i +∆t(1− γ)θ̈

n

i ,

(31)

where the parameters are chosen as β = 0.25 and γ = 0.5. The time step ∆t is chosen as261

∆t = 0.8min (∆xg, ζ) /c, (32)

with c the speed of sound in the shell material and ζ the shell thickness. It is worth noting that ˙̄φ
n
i and ˙̄θ

n

i262

should be derived from the MPM background grid, i.e.,263

˙̄φ
n
i = S̄Iiφ̇

n
I ,

˙̄θ
n

i = S̄Iiθ̇
n

I , (33)

where φ̇n
I and θ̇

n

I have been derived in the P2G step using Equation (28). In Equation (31), ϵ is a factor264

that blends between the particle-in-cell (PIC) [72] and fluid-implicit-particle (FLIP) [73, 74] methods; this is265

inspired by e.g. the α used in [75]. Since PIC brings in excessive numerical dissipation, ϵ = 1 is chosen for all266

dynamic cases. In quasi-static cases, ϵ can be smaller than 1 to make the simulation enter equilibrium faster,267

as introduced in Section 5.4. Other advanced schemes such as the affine particle-in-cell (APIC) method [76]268

can be employed as a substitute, which is worth consideration in future work.269

When the prediction step is completed, the subsequent correction step is computed as270

φn+1
i = φ̃n+1

i + β∆t2 ¨̃φ
n+1

i ,

φ̇n+1
i = ϵ ˙̃φn+1

i + (1− ϵ) ˙̄φn+1
i + γ∆t ¨̃φ

n+1

i ,

θn+1
i = θ̃

n+1

i + β∆t2
¨̃
θ
n+1

i ,

θ̇
n+1

i = ϵ
˙̃
θn+1
i + (1− ϵ) ˙̄θn+1

i + γ∆t
¨̃
θ
n+1

i ,

(34)

where all the accelerations ¨̃φ
n+1

i and ¨̃
θ
n+1

i are calculated based on the prediction step. We note that n and271

m are time step and sub-time step, respectively. It means that, for instance, if Equation (31) is sub-time272

step m in time step n, Equation (34) will be m+1 in n, and then in time step n+1, Equation (31) and (34)273

are m + 2 and m + 3, respectively. In this time integration, the implementation of the two sub-time steps274

is the same apart from the calculation of Equation (31) or (34), as shown in Algorithm 1. This is why the275

stress tensors are updated based on the sub-time step m, as introduced in Section 4.3.276
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Finally, after the rotational increment ∆θ = (∆θ1,∆θ2,∆θ3) is obtained, the pseudo-normal nm+1 at277

sub-time step m+ 1 can be updated by a Rodrigues rotational matrix ∆R, i.e., nm+1 = ∆Rnm, with278

∆R = I+
sin ∥∆θ∥
∥∆θ∥ Θ+

(1− cos ∥∆θ∥)
∥∆θ∥2

Θ2, (35)

where the skew-symmetric matrix Θ is279

Θ =




0 −∆θ3 ∆θ2
∆θ3 0 −∆θ1
−∆θ2 ∆θ1 0


 . (36)

4. Particle Stress Update280

This section elaborates on how to obtain the stress tensors required in Equation (27). Readers are referred281

to Algorithm 1 for more details regarding the calculation orders of deformation gradient, strain, and stress.282

4.1. Stress points283

The stress oscillation phenomenon usually occurs when stress is estimated at the moving particles, and the284

oscillation may make the simulation unstable, leading to the so-called hourglass instability. The stress points285

method is widely used to alleviate this phenomenon in meshless methods, such as SPH [77], peridynamics286

[78], and RKPM [38], and it is discussed comprehensively in [79]. The stress points method deploys another287

set of particles, called stress points, usually in a staggered approach in the computational domain to estimate288

stress1. For lattice-distributed shell particles, the typical staggered approach to distribute the stress points289

is shown in Figure 4. In the P2G step, the stress points and shell particles are both used, i.e., the subscript290

‘p’ in Equation (27) includes both kinds of particles.291

s

i

𝒏𝒏𝑠𝑠, 𝜽̇𝜽𝑆𝑆, 𝝋̇𝝋𝑆𝑆, 𝜽̈𝜽𝑆𝑆, 𝝋̈𝝋𝑆𝑆

s

𝐍𝐍𝑆𝑆,𝐌𝐌𝑆𝑆

Stress pointShell particle

∇𝝃𝝃𝝋𝝋s,∇𝝃𝝃𝒏𝒏s(a) (b) (c) 𝐍𝐍𝑖𝑖 ,𝐌𝐌𝑖𝑖

Fig. 4. Shell particles are used to update kinematic field values of the shell, and stress points are used to calculate stress tensors of
the shell. (a) The kinematic field values at stress points are interpolated from the neighboring shell particles, and then (b) the stress
points calculate the stress tensors. (c) The stress tensors of shell particles are interpolated from their neighboring stress points.

4.2. Gradient calculations at stress points292

In the original MPM, the strain tensor is estimated using the background grid to calculate the deformation293

gradient, and then the stress tensors are calculated accordingly. However, this method may not work well for294

thin structures. For instance: (1) The gradients of the mid-surface and pseudo-normal should be calculated295

accurately in the shell plane to handle the plane stress state. It is difficult to calculate the deformation in a296

1Note that it is not necessary to position the stress points in a strictly staggered way: as long as the stress points do not
entirely overlap with the shell particles, this method is known to work well.
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desired direction using original MPM; (2) Even if the deformation can be estimated, the widely used linear297

shape functions may lead to excessive error and locking phenomena.298

To solve these two barriers, we adopt the kernel function method to estimate the gradients of the mid-299

surface and pseudo-normal accurately. The main idea is to use neighboring shell particles for an accurate300

estimation. For a shell particle i or stress point s, its neighboring shell particle neighbors within the radius301

1.4∆x are constructed, forming a set Ni or Ns, where ∆x is the initial particle spacing, and the surface area302

of the shell particle i is Si = ∆x2. In this work, we let ∆x = ∆xg. Herein, a C2 Wendland kernel function303

W (r, h) [80] is used, written as304

W (r, h) =

{
(1− q/2)4(1 + 2q), q ≤ 2,

0, q > 2,
(37)

where q = r/h, with h the smoothing length of the kernel function.305

Before calculating the gradients, the field values of the stress points, i.e., ns, φ̇s, φ̈s, θ̇s and θ̈s should be306

obtained using the neighboring shell particles that have been updated in either Equation (31) or 34. Using307

the kernel function given above, the corresponding field value ‘⟨•⟩s’ can be interpolated using308

⟨•⟩s =
(∑

Ns

⟨•⟩i WsiSi

)
/
∑

Ns

WsiSi, (38)

where309

Wsi = W (∥φ0s −φ0i∥ , h), (39)

where φ0 is defined in Equation (1). With Equation (38) and Equation (31) or 34, all the field values can310

be updated for the stress points, as shown in Figure 4(a).311

After the field values are obtained, the field gradient can be calculated with the kernel function. Referring312

to the corrected matrix method [81], the gradients of mid-surface and pseudo-normal ∂φ
∂ξα

and ∂n
∂ξα

can be313

calculated using314 [
∂φ

∂ξ1
,
∂φ

∂ξ2

]

s

=

[∑

Ns

(φi −φs)⊗∇ξWsjSi

]
L′L̃−1

s ,

[
∂n

∂ξ1
,
∂n

∂ξ2

]

s

=

[∑

Ns

(ni − ns)⊗∇ξWsiSi

]
L′L̃−1

s ,

(40)

where the correction matrix L̃s is315

L̃s = L′T
[∑

Ns

QT
0s(φ0i −φ0s)⊗∇ξWsiSi

]
L′, (41)

with the gradient of the kernel function calculated as316

∇ξWsi = ∇ξW (∥φ0si∥ , h) =
QT

0s(φ0s −φ0i)

h ∥φ0s −φ0i∥
∂W

∂q

∣∣∣
∥φ0s−φ0i∥/h

. (42)

Herein, L′ is317

L′ =

[
1 0 0
0 1 0

]T
, (43)

which is used to extract the convected vectors on the shell surface. The process above is depicted in Figure318

4(b). The calculation of gradients in Equation (40) is very robust, because L̃s is calculated in the reference319

configuration, and it is not possible to be singular as long as the particle distribution is not extremely320

distorted in the beginning of the simulation.321

Equations 37–43 provide a general method for calculating the gradient of field values in the initial322

curvilinear system, which overcomes the difficulty of strain estimation for shells using standard MPM. Based323

on this method, the gradients ∂(•)
∂ξα

of any field values (•) can be calculated effortlessly. After ∂φ
∂ξα

and ∂n
∂ξα

324

are obtained, the deformation gradient F can be derived using Equation (5), followed by the stress resultants325

N and M in Equation (12) with a Gaussian quadrature method.326
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4.3. Incremental stress update at stress points327

To calculate P (shown in Equation (12)), the main task is to update σ. For the shell structure, the plane328

stress state is assumed since the shell is usually relatively thin compared to the structure scale. Normally,329

the shell usually undergoes large rotations, which requires that the stress state be estimated considering330

different current configurations through the corresponding orthogonal rotation matrix Q, which correlates331

the current coordinates to the global coordinates. Based on Q, the tensor state in the global coordinates S332

can be transformed into that in the local coordinates Ŝ, written as Ŝ = QTSQ. To obtain Q, the normal is333

calculated using t = a1×a2

∥a1×a2∥ in the current configuration. Then we have Q = [el1 el2 t], with el1 = a1/∥a1∥334

and el2 = t× el1.335

To update the stress in an incremental way, the incremental strain tensor ∆dm given a sub-time increment336

is calculated as337

∆dm =
1

2

(
∆FmF−1

m + F−T
m ∆FT

m

)
, (44)

where338

∆F =

[
∂(∆φ+ ξ3∆n)

∂ξ1
,
∂(∆φ+ ξ3∆n)

∂ξ2
,∆n

] [
G(α)(ξ1, ξ2, ξ3)

]−1
=
[
∆g(α)

] [
G(α)

]−1
. (45)

Then Equation (44) becomes339

∆dm =
1

2

(
[∆g(α)]m[g(α)]

−1
m + [g(α)]

−T
m [∆g(α)]

T
m

)
. (46)

Here, we update field values in the sub-time step m, i.e., prediction and correction steps, due to the Newmark-340

β method in Section 3.4. Considering the large rotation motion of the shell and objective stress rate, the341

Kirchhoff stress tensor τ = Jσ can be updated using342

τm = Qmτm−1QT
m +Qm

(
Ce∆d̂m

)
QT

m, (47)

where Qm is the relative strain tensor, written as Qm = FmF−1
m−1 = [g(α)]m[g(α)]

−1
m−1. The incremental343

strain tensor should be estimated in local coordinates as ∆d̂ = (∆d̂11,∆d̂22,∆d̂12,∆d̂23,∆d̂31)
T. For linear344

elasticity, the constitutive matrix Ce is expressed as345

Ce =

[
Cp 0
0 Cs

]
, Cp =

E

1− ν2



1 ν 0
ν 1 0
0 0 1− ν


 , Cs = κ

E

1 + ν

[
1 0
0 1

]
, (48)

where Cp and Cs are the stiffness matrices for the plane stress state and the shear state in the transverse346

direction, with E and ν the Young’s modulus and Poisson’s ratio, respectively. For the RM shell, the shear347

correction factor should be chosen as κ = 5/6 [82]. The stress component τ̂33 = 0 is enforced considering348

the plane stress state. Elastoplastic deformation is also considered in this study, and it can be incorporated349

effortlessly based on the incremental stress update mentioned above. The readers are referred to [8] for more350

details regarding elastoplastic deformation. After the stress tensor is updated, the stress resultants Ns and351

Ms can be obtained, as shown in Figure 4(b).352

4.4. Stress resultants at shell particles353

In Equation (27), the subscript ‘p’ includes all the shell particles and stress points. Though the stress354

results are obtained at the stress points, Ni and Mi are not known at shell particles. Here, stress results355

of shell particles are obtained through the kernel function with interpolation from the neighboring stress356

points. The neighboring stress points of a shell particle i, forming a set N ′
i , are searched within the radius357

of 1.4∆x. Then for a stress resultant ⟨•⟩i, it can be interpolated as358

⟨•⟩i =


∑

N ′
i

⟨•⟩s WisSs


 /

∑

N ′
i

WisSs, (49)

where we refer to Equation (38) for notation. This process is depicted in Figure 4(c).359

With all the stress tensors calculated at the sub-time step m, the acceleration can be derived, and then360

the field values are updated to the sub-time step m+1. For details, the readers are referred to Algorithm 1.361
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5. Other Issues362

5.1. Enhanced numerical stability363

The pseudo-normal in the RM shell model is usually subject to hourglass instability. In [8], three anti-364

hourglass terms were proposed to eliminate this instability; we adopt their ideas and adapt them to our MPM365

shell setting. The key idea of this method is to calculate the hourglass amplitude to resist the hourglass366

mode. The hourglass amplitude of the pseudo-normal between shell particles i and j can be calculated using367

∆nij = −1

4
[ni,ξ + nj,ξ] (Q0i +Q0j) (φ0j −φ0i) + nj − ni, (50)

where ni,ξ and nj,ξ can be calculated using the method described in Section 4.2. Based on Equation (50),368

the anti-hourglass term is expressed as369

n̈hg
i =

χE

ρζ2

∑

Ni

∥∆nij∥∆nijWij(
∥∥φ0ij

∥∥ , h)Sj , (51)

where n̈hg
i can effectively suppress the hourglass mode in the pseudo-normal. This term is then added to370

the acceleration n̈i in Equation (29), which is obtained during a G2P step. One can quickly observe that371

n̈hg
i is anti-symmetric, which can ensure momentum conservation. Here, χ is a coefficient that is selected as372

χ = 0.1 in the present work. Numerical experiments show that varying this coefficient does not significantly373

affect simulation accuracy, as discussed in Section 6.2.1, but the presence of this term considerably enhances374

the numerical stability (see also Section 6.2.2).375

5.2. Contact treatment376

MPM can naturally handle contact without specific treatments, and this feature is utilized in the present377

MPM shell method. Unlike in prior sections, where we focused on the total Lagrangian framework, the378

updated Lagrangian framework is leveraged for the simulation of contact behavior. In this context, first, the379

mid-surface increment at the grid node I can be calculated according to Equation (28) in the P2G step as380

∆φI =

Np∑

p

∆φpS̄Ip/

Np∑

p

S̄Ip. (52)

Then, the gradient of the mid-surface increment at particle p can be calculated in the G2P step as381

∇ (∆φ)p = ∇S̄Ip (∆φI) . (53)

Given the gradient of the mid-surface increment, the shell deformation can be derived. In this study, we382

only consider normal contact behavior, and we can therefore extract the strain increment in the shell normal383

direction, denoted with ⟨∆ε⟩, expressed as384

⟨∆ε⟩ = 1

2
eTQT

[
∇ (∆φ)p +∇ (∆φ)

T
p

]
Qe, (54)

with e = (0, 0, 1)
T. Then the strain in the shell normal direction can be updated as385

⟨ε⟩p,m+1 = ⟨ε⟩p,m + ⟨∆ε⟩p,m . (55)

Only using Equation (54) usually leads to error accumulation. To solve this issue, ⟨ε⟩ is reinitialized386

every 100 time steps. In the reinitialization, the shell particle neighbors N C
p within the radius of 2.2∆x are387

constructed for shell particle p, and for shell particle j in N C
p , if

∥∥φ0p −φ0j

∥∥ > 4∆x, then shell particle p388

is under potential contact, with the contact mark MC = 1, otherwise MC = 0. Then we have389

⟨ε⟩ =
{
⟨ε⟩ , MC = 1,

0, MC = 0.
(56)
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Algorithm 1 Updating field values at shell particles in a sub-time step, using the MPM shell method.

1: Interpolate φ̇s, θ̇s, φs, θs, ∆φs, ns and ∆ns for stress points from shell particles [Eq. (38)].
2: Calculate

[
∂φ
∂ξα

]
p
,
[

∂n
∂ξα

]
p
,
[
∂∆φ
∂ξα

]
p
,
[
∂∆n
∂ξα

]
p

at shell particles and stress points [Eq. (40)];

3: for Gauss points g do
4: Calculate Fg

s , ∆dg
s , τ g

s [Eqs. (5, 46, 47)] at stress points;
5: end for
6: Calculate Ns, Ms, Ns, Ms at stress points;
7: Interpolate Ni, Mi, Ni, Mi for shell particles from stress points;
8: P2G: Loop over the neighbors of a grid node I, including the shell particles and stress points, to calculate

the force terms, Np, fp, Mp, N(3)p, (m× n)p [Eqs. (40, 47, 12, 22, 10)], and mass terms, I0p, I2p [Eq.
(8)], on the right-hand and left-hand sides, respectively [Eq. (27)]. Also, the velocity at node I is
obtained [Eq. (28)].

9: Accelerations on the node φ̈I and n̈I are derived (For Dirichlet boundary conditions, set φ̈I and n̈I as
prescribed, Section 5.3);

10: G2P: Loop over the grid node neighbors of a shell particle i to get φ̈i, n̈i, ˙̄φi and ˙̄θi [Eqs. (29) and (30)]
(For Dirichlet boundary conditions, set φ̈i, n̈i, ˙̄φi and ˙̄θi as prescribed, Section 5.3);

11: Add the stabilization term n̈hg
i [Eq. (51)] into n̈i;

12: Use Newmark-β scheme [Eq. (31) or (34)] to update the field values, φ̇i, θ̇i, φi, θi and ∆φi, followed
by ni and ∆ni [Eq. (35)].

After the normal strain is calculated, the normal stress can be estimated as390

⟨σ⟩ = ηE ⟨ε⟩ , (57)

where η is a coefficient that is analogous to the scale factor used in the normal contact stiffness treatment391

[83]. The coefficient η is selected as 0.05 in this study, and the coefficient effect on simulation results is392

discussed in Section 6.3. Finally, the contact stress tensor NC is calculated as393

NC = ζQ



0 0 0
0 0 0
0 0 ⟨σ⟩


QT. (58)

NC is added to N in Equation (27) if one needs to simulate the contact behavior. It is worth noting that394

this algorithm is suitable for either self- or multi-body contact.395

5.3. Boundary conditions in MPM396

In the present framework, the treatment of boundary conditions is straightforward. For Dirichlet bound-397

ary conditions, boundary shell particles i are assigned the associated prescribed field values. Considering398

that the shell particles may not be conformal to the background Cartesian nodes, the shell particles are399

enforced with prescribed field values, e.g., velocity, rotational velocity, etc., after the G2P process. For the400

background MPM grid, grid nodes within a radius µ∆xg of a corresponding boundary shell particle can be401

detected and determined as boundary nodes, and then the corresponding calculated accelerations in Equa-402

tion (27) are set as prescribed values. Here, µ is selected as 0.5, and this value shows no significant effect on403

results, as discussed in Section 6.2.1. The method is practical, though not perfect; a mathematically strict404

enforcement of non-conforming boundary conditions is difficult, and may be considered in future work. For405

Neumann boundary conditions, all the external forces or moments are exerted on the shell particles and406

transformed into fp or mp as shown in Equation (10). Then the remainder of the simulation loop proceeds407

as usual.408

5.4. Quasi-static simulation409

In order to simulate the case of a system in equilibrium, one needs to make the simulation achieve a410

steady state quickly. Under these circumstances, numerical dissipation is not important. Therefore, the411
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Fig. 5. Schematic of the plate under external pressure load.

Fig. 6. Plate under pressure load: plate displacement in the z direction for L/ζ = 32.

factor ϵ (which blends between PIC and FLIP) can be chosen lower than 1. In practice, ϵ is chosen in a412

range of 0.5–0.95 in this study. The choice of this value does not affect accuracy; it only affects the rate at413

which equilibrium is reached.414

In order to further clarify the steps of the MPM shell method proposed above, pseudocode of the entire415

algorithm is given in Algorithm 1, where the update of field values in one sub-time step is presented for416

simplicity.417

6. Numerical Validations418

6.1. Plate under pressure load419

In our first numerical test case, a square plate with its four edges simply supported is leveraged to verify420

the accuracy of the proposed MPM for thin shells. Figure 5 shows the plate under an external pressure load421

P = 0.05, where the dimensions and the material parameters are also given. Quasi-static simulation (Section422

5.4) is used to achieve the equilibrium state of the plate, and the deflection at the plate center is measured423

for comparison with a reference solution. Since there is no analytical solution for the plate under large424

deformation, we compare to a reference simulated using the ABAQUS software package (S4R element with425

element size ∆x = 1/80). Figure 6 displays the plate displacement in the z direction for L/ζ = 32. In order426

to demonstrate the convergence rate of the present MPM shell solver, various resolutions, i.e., ∆xg = L/4,427

L/8, L/12, L/16, L/20 and L/32, are used for the simulation. The error versus the grid resolution, ∆xg,428

is shown in Figure 7(a), where a first-order convergence rate is observed for ζ = 0.375, i.e., L/ζ = 32. The429

first-order convergence is mainly due to the adopted first-order gradient estimation of the field values using430

the kernel function method.431

To further estimate the performance of the MPM shell solver, the shell is set as very thin—L/ζ = 320 and432

L/ζ = 1600. In these scenarios, employing traditional MPM is infeasible, because traditional MPM would433
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Fig. 7. Plate under pressure load: (a) convergence rate and (b) normalized displacement versus grid cell size for different L/ζ.

require multiple grid cells in the thickness direction overlapping the shell in order to resolve the transverse434

stress, which will incur extreme computational expense. In addition, traditional MPM also encounters the435

so-called “shear locking” phenomenon, and this means an overestimation of the transverse shear stress, which436

makes the result unable to converge to the ground truth even when increasing the mesh resolution. Figure437

7(a) shows that the convergence rate of our method still holds even when the plate is extremely thin for438

L/ζ = 320 and L/ζ = 1600. The normalized displacements for various thicknesses are shown in Figure 7(b).439

One can observe that when increasing the resolution, the predicted results gradually approach the reference.440

Thus, no locking effect is seen in this MPM shell method. This is because the gradient estimation is through441

a kernel function method, which circumvents the low-order shape function for gradient estimation used in the442

traditional MPM. In fact, the present gradient estimation is akin to the reproducing kernels of RKPM. In a443

similar way, the employed gradient estimation with a correction matrix can also ensure first-order reproducing444

ability, which is important in RM shells to eliminate shear locking. Since it can calculate gradients of mid-445

surface displacement, the shear locking issue does not occur. Noticeably, regarding L/ζ = 1600 with the446

resolution ∆xg = 1, i.e., ∆xg/ζ = 50, the present MPM shell method can achieve a relative error less447

than 0.02. Employing ∆xg/ζ = 50 in traditional MPM to pursue a highly accurate result would be almost448

impossible, because it is not practical for a shape function to be high-order enough to resolve the strain in449

the thickness direction under such an extremely large grid cell size-to-thickness ratio, ∆xg/ζ.450

The proposed MPM shell method can allow large ∆xg/ζ because the strain in the thickness direction is451

estimated on the shell surface using the kernel function. In addition, the adopted kernel function eliminates452

the possibility of the shear locking effect. Therefore, the grid cell size is not necessary to be smaller than the453

thickness. This feature presents a clear advantage of the present MPM shell method over traditional MPM454

approaches for thin structures.455

6.2. Beam and flag456

6.2.1. Beam vibration457

Two-dimensional beam vibration is a typical case to test the performance of a shell solver. An advantage458

of the material point method, and in turn, our shell MPM, is that there is no difficulty in translating our459

three-dimensional formulation to 2D. For 2D, the curvilinear system (ξ1, ξ2, ξ3) becomes (ξ1, ξ2), and the460

governing equations follow the same way in Equation (15) by removing one dimension. As shown in Figure461

8(a), the beam is set with an initial inclination angle of 18◦, and is subject to a horizontal gravity fx = 10.462

We choose L = 1 for simplicity. The material parameters are given in the schematic. This case is dynamic,463

and the quasi-static simulation is abandoned.464

First, the beam thickness is selected as ζ = 0.02, and two boundary conditions, i.e., pinned (φ̈=0)465

and clamped (φ̈=0, θ̈=0), are enforced at point A. For the two boundary conditions, Figure 9 displays466
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Fig. 9. Beam vibration: the beam deflection subject to a horizontal gravity simulated using various grid resolutions, where two kinds
of boundary conditions, (a) pinned and (b) clamped, are deployed.

the beam deflection history at the tip simulated using various resolutions, where the reference results are467

from ABAQUS software package (B21 element with element size ∆x = 1/100). One can clearly observe a468

convergence trend as the grid resolution increases. Figure 10 depicts the beam deformation profiles of the469

two boundary conditions using converged resolution ∆xg = L/40. It clearly shows that the von Mises stress470

field is quite smooth without oscillations, which indicates that the present method is quite stable.471

(i) Total and updated Lagrangian frameworks472

The total and updated Lagrangian frameworks are both leveraged for simulation. Under resolution473

∆xg = L/20, the numbers of shell particles and stress points are 21 and 20, respectively, and the number474

of grid nodes is 40,401. The time step is 0.00011, and the simulation wall times for the two frameworks are475

shown in Table 1. Figure 11 illustrates the simulated results using the two different frameworks unified within476

Equation (18). In Figure 11(a), the deformed beam is clearly seen with velocity contour and vectors, and the477

affected grid nodes are in the initial position due to the employed total Lagrangian framework. In contrast,478

the affected nodes are always surrounding the deformed beam in the updated Lagrangian framework, as479

shown in Figure 11(b). Figure 12(a) displays the simulated beam deflection in the two different frameworks480

with ∆xg = L/20, and it shows that the two curves almost overlap. This comparison demonstrates that481

choosing different frameworks will not lead to a significant difference in prediction accuracy. However, the482
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(a) Pinned (b) Clamped

Fig. 10. Beam vibration: vibration snapshots for the (a) pinned and (b) clamped boundary conditions, where the contour indicates von
Mises stress.

Grid node Shell particle

(a) Total Lagrangian (a) Updated Lagrangian

Fig. 11. Beam vibration: grid nodes and shell particles at t = 0.5 simulated using (a) total and (b) updated Lagrangian frameworks,
where the contour and vectors indicate velocity.

major problem with the updated Lagrangian framework is that it requires a larger computational cost than483

the total Lagrangian version, as shown in Table 1. This is because the total Lagrangian framework only484

needs to construct the neighbors of cells and particles once.485

(ii) Coefficient χ486

In Section 5.1, an enhanced term is proposed to improve numerical stability. This term can effectively487

eliminate the hourglass modes in the pseudo-normal motion. Here we perform a brief ablation on χ and488

observe the influence on the simulation results. The clamped beam is chosen for simulation, and χ is set as489

χ = 0.001, 0.01 or 0.1. The beam deflections simulated using various coefficient values are plotted in Figure490

12(b), and it is observed that all the curves almost overlap. This demonstrates that the coefficient χ does491

not affect the simulation accuracy (though, as shown in Section 6.2.2, it does improve numerical stability).492

In light of this, the coefficient is chosen as χ = 0.1 throughout our paper.493

In addition, for the enforcement of Dirichlet boundary conditions, background MPM grid nodes within a494

radius µ∆xg of a corresponding boundary shell particle are detected and determined as boundary nodes, on495

which the corresponding accelerations are set as prescribed values in Equation (27). Figure 12(c) displays496

the results simulated using different values of coefficient µ. It shows that the differences are small, where a497

slight difference is that, apart from µ = 0, all other values collapse to one curve and provide better simulation498

results. Thus, we choose µ = 0.5 in this study.499
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Table 1: Wall time spent on a simulation period of 10 using total and updated Lagrangian frameworks, performed on two AMD EPYC
75F3 32-Core Processors using TBB.

Total Lagrangian Updated Lagrangian
Wall time (s) 45 635
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Fig. 12. Beam vibration: (a) pinned beam deflection in the total and updated Lagrangian frameworks. (b) clamped beam deflection
using various values of coefficient χ. (c) clamped beam deflection using various values of coefficient µ.

(iii) Kinetic energy conservation500

Kinetic energy conservation is an important issue in dynamic simulation. Although formal analysis501

of our MPM shell method’s energy behavior is beyond the scope of the present work, we offer numerical502

experiments to demonstrate our method’s performance. A long-term period of vibration is simulated for503

the two boundary conditions, and the displacement and kinetic energy are recorded in the simulation, as504

shown in Figure 13. In Figure 13(a), the displacement history and vibration amplitude clearly show that the505

amplitude keeps the original value. Similar behavior is also observed in the kinetic energy history, with the506

average kinetic energy remaining nearly constant throughout the long-term simulation, as shown in Figure507

13(b). Our method performs similarly well for the clamped boundary condition, shown in Figure 13(c) and508

(d). This example demonstrates that kinetic energy is numerically well conserved in our proposed MPM509

shell method. Although the widely-used USL time integration shows conservation in kinetic energy [46], our510

study selects a Newmark-β scheme, and the results show that this scheme can also ensure the kinetic energy511

in MPM while allowing a much larger time step.512

(iv) Very thin beam513

A central advantage of the proposed shell MPM over traditional MPM is that our method can simulate514

thin shells with a very large grid cell size-to-shell thickness ratio ∆xg/ζ. In order to demonstrate this, we515

further reduce the thickness of the beam to ζ = 0.005 and ζ = 0.001 for the pinned boundary condition.516

Figure 14(a) plots the deflection with thickness ζ = 0.005 and grid size ∆xg = 0.025, and it shows that517

a large ∆xg/ζ = 5 can even produce good agreement with the reference. Furthermore, an even thinner518

beam with ζ = 0.001 is simulated using grid size ∆xg = 0.0125, and good agreement is still observed in519

Figure 14(b) under a very large ∆xg/ζ = 12.5. We emphasize that, under such a large grid cell size-to-shell520

thickness ratio, it is hard to give an accurate prediction using the traditional MPM approach.521

6.2.2. Flag flapping522

The 2D beam described above is a produced from a reduction of our full 3D MPM shell algorithm. We523

now consider a 3D counterpart of the 2D beam: a 3D flag, shown in Figure 8(b). The left end of the flag is524

pinned, i.e., φ̈=0, and the flag is subject to an external horizontal gravity. This case is derived from the 2D525

beam case, adding a spanwise width of L directed into the page. The dimensions and material parameters526

are shown in the figure. For simplicity, L = 1 is chosen, and the flag thickness is chosen as ζ = 0.02. First, a527

set of grid resolutions is selected, i.e., ∆xg = 1/10, 1/20 and 1/40. Then the flag deflection (in z direction)528
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Fig. 13. Beam vibration: vibration displacement and kinetic energy in the long-term simulation, where (a) and (b) are from the pinned
boundary, and (c) and (d) are from the clamped boundary.
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(a) ∆xg/ζ = 5 (∆xg = 0.025, ζ = 0.005)
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Fig. 14. Beam vibration: vibration displacement simulated using different ratios between the grid cell size and shell thickness, i.e., (a)
∆xg/ζ = 5 and (b) ∆xg/ζ = 12.5.
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Fig. 15. Flag flapping: (a) the flag deflections in z direction (probe point A) with thickness ζ = 0.02, simulated using various grid
resolutions. (b) the flag deflections (probe point A) with thickness ζ = 0.005, where the grid cell size is ∆xg = 0.02, i.e., ∆xg/ζ = 4.

at the probe point A is recorded versus time, as shown in Figure 15(a). It shows that at the resolution529

∆xg = 1/40, the simulation almost achieves convergence, where the reference is obtained from ABAQUS530

using the S4R element with the element size ∆x = 1/80.531

In order to further test the performance of the proposed method for a very thin shell, the flag thickness is532

set as ζ = 0.005. Fig. 15(b) plots the predicted deflection history using the MPM shell versus the reference,533

where a quite good agreement with the reference is observed. The deformation flag profiles are shown in534

Figure 16. It shows that when the thickness is large, the flag deformation is more similar to that of a hard535

plate. When the flag thickness is small, the deformation will be more chaotic, similar to a real-world flag.536

This case further demonstrates the capability of the present MPM shell method for the simulation of very537

thin shells. In order to present the effect of the stabilization coefficient χ, we use χ = 0 and χ = 0.1 for538

simulation, and the simulated flag profiles at T = 9.12 are shown in Figure 17. It is readily apparent that539

χ = 0 leads to hourglass modes. In contrast, χ = 0.1 totally removes this instability. Similarly, the effect of540

deploying the stress points is also presented in Figures 17(c) and 17(d). Instability starts to occur at a very541

early stage, T = 2.4, when no stress points are used; in contrast, with stress points, the simulated velocity542

field is quite smooth.543
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(a) ζ = 0.02 (b) ζ = 0.005

Fig. 16. Flag flapping: simulated flag profiles at different instants, with thickness (a) ζ = 0.02 and (b) ζ = 0.005, where the contour
indicates velocity.

(a) χ = 0 (b) χ = 0.1

(c) Without stress points (d) With stress points

Fig. 17. Flag flapping: simulated flag profiles using different stabilization coefficients (a) χ = 0 and (b) χ = 0.1 at T = 9.12, where
the contour indicates the third component of pseudo normal, and (c) without and (d) with stress points at T = 2.4, where the contour
indicates velocity.

6.2.3. Pure bending544

The pure bending beam is displayed in this section to check the performance of the method under an545

external moment. Figure 8(c) illustrates the case setup, where the beam is clamped at the left end, and546

an external moment M × 50π/3 is exerted at the tip. All the parameters are shown in this schematic.547
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Fig. 18. Pure bending: deformed beam profiles under various bending moments, where the contour indicates the displacement in the y
direction.
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Fig. 19. Pure bending: the beam tip deflections in x and y directions under various bending moments. Comparison is shown to the
reference from [84].

Quasi-static simulation is used in this case to quickly achieve the equilibrium state.548

The grid resolution is set as ∆xg = L/25 = 4.8ζ, which is about five times the thickness of the shell. The549

deformed beam profiles under various bending moments are illustrated in Figure 18. The figure shows that550

the deformed shape is similar to a circle, due to the pure moment state along the beam. The tip deflections551

under various bending moments are plotted in Figure 19, and they are compared to the reference given in552

[84]; tight agreement is observed. Note that pure bending is extremely challenging if traditional MPM is553

used for simulation, because pure bending highly relies on an accurate calculation of the stress along the554

thickness direction. In contrast, the present MPM shell method can provide very accurate predictions under555

a large grid cell size-to-shell thickness ratio.556

6.3. Collision of rings557

In order to demonstrate the integration of contact treatment with our method, the collision of two558

deformable rings is considered. The setup and dimensions of this case are illustrated in Figure 20(a), where559

two rings move towards each other with the same velocity magnitude. As introduced in Section 5.2, the560

updated Lagrangian framework with contact treatment is used for simulation.561
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Fig. 20. Schematic of the ring collision example.

(a) t = 0.6 ms (b) t = 0.9 ms

(c) t = 1.7 ms (d) t = 4.2 ms

Fig. 21. Collision of rings: deformed rings at different instants simulated with ∆xg = Lc/60, where contour indicates horizontal velocity.

Figure 21 displays the deformed rings at various instants simulated with ∆xg = Lc/60, where Lc is562

the ring perimeter. The contact behavior is clearly shown, including both collision and separation. It is563

worth noting that the ring thickness is large compared to the ring radius in this case, and therefore the RM564

shell theory may not accurately resemble the result simulated using a volumetric model. Hence, the present565

simulation is slightly different from similar experiments in works such as [85]. The history of kinetic, strain566

and total energy is plotted versus time in Figure 22(a). It is observed that the total energy does not dissipate567

much after the collision using two different grid cell sizes. In contrast, the simulations in [85, 86] undergo568

a large energy loss after the collision process. In order to test the effect of η on simulation results, various569

values of η, from 0.05 to 1, are employed for simulation, and the kinetic energy over time is shown in Figure570

22(b). It displays that the difference between different η values is very small. This demonstrates that the571
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Fig. 22. Collision of rings: (a) history of kinetic, strain and total energy simulated using resolutions ∆xg = Lc/60 and Lc/80; (b) the
effect of coefficient η (used in Equation (57) for contact treatment) on Kinetic energy, simulated using ∆xg = Lc/60, where red, blue
and black colors represent kinetic, strain and total energy, respectively.

variation of η does not significantly affect the simulation results, and η = 0.05 is enough for normal contact572

treatment. In fact, this value is close to the scale factor 0.1 for treating the normal contact force in the573

method proposed by Benson et al. [83]. This demonstrates that the MPM shell method can handle contact574

easily without obvious energy dissipation.575

To further demonstrate the capability and robustness of the proposed method in handling both self-576

contact and multi-body contact, simulations of three-ring and five-ring systems are conducted. The setup577

is illustrated in Figure 20(b), where one more cylinder is added with the distance being 0.1 m, and Young’s578

modulus is set as E = 40 MPa to present self-contact behaviors. The results are displayed in Figure 23.579

Notably, at time t = 3 ms in Figure 23, both self-contact and multi-body contact occur simultaneously.580

Additionally, four cylinders are deployed around a centered cylinder with a distance of 0.1 m as shown in581

Figure 20(c). More complex contact interactions are observed at time t = 2 ms in Figure 24. The collision582

and separation processes are captured naturally in both cases. These results demonstrate that the present583

method can handle complex cases with a simple contact algorithm, which is naturally compatible with the584

MPM approach. In contrast, existing approaches often require more complicated algorithms for contact585

treatments, as reported in [64].586

6.4. Pinched cylinder587

The pinched cylinder [84] is a classic case to test the accuracy of a shell solver for large deformation. In588

this case, a pair of concentrated forces F are exerted on two opposite midpoints of the cylinder, as shown in589

Figure 25, where the material parameters are also given. Three probe points, A, B and C, are located on the590

cylinder wall to measure the deformation of the structure. Note that the quasi-static simulation approach is591

used in this case to quickly achieve the equilibrium state.592

First, a resolution of ∆xg = Lc/120 = 0.259 m is deployed for the simulation, where Lc = 2πR is the593

cylinder circumference. Under resolution ∆xg = 0.259 m, the numbers of shell particles and stress points594

are 8,640 and 8,480, respectively. Figure 26 shows the deformed cylinder under different loads. One can see595

that the von Mises stress field is quite smooth in the cylinder, and even under a large force of F = 40 kN,596

the simulation is still very stable. The displacements at the three probe points are recorded in Figure 27,597

and the results are compared to the reference given in [84], which is usually taken as the most reliable result598

[33, 87]. A higher resolution ∆xg = Lc/160 is also implemented for comparison, and it is observed that the599

two resolutions yield almost the same results. In addition, the two predictions exhibit tight agreement with600

the reference solution. Moreover, it shows that the prediction of the coarse resolution ∆xg = Lc/120 = 0.259601

m achieves quite good accuracy. A solid-shell MPM (SSMPM) is proposed [64] in a recent study, and its602

simulation results using ∆xg = 0.08 m are shown in Figure 27 as comparison, where one can clearly observe603

that the present results are closer to the reference. It is worth noting that the present method uses the604

resolution ∆xg = 0.259 m, not only much larger than the shell thickness ζ = 0.094 m, but also almost four605
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(a) t = 1.2 ms (b) t = 3 ms

(c) t = 5.7 ms (d) t = 7.5 ms

Fig. 23. Collision of rings: three deformed rings at different instants simulated with ∆xg = Lc/60, where contour indicates horizontal
velocity.

times that used in SSMPM, and with a much coarser grid resolution we can yield a much more reliable606

prediction. This comparison demonstrates that the present method shows higher accuracy than SSMPM. In607

addition, the results simulated using pure MPM with ∆xg = 0.094 m reported in [64] are also exhibited in608

Figure 27, where the deviation from the reference is extremely large, and [64] reports that even deploying609

four layers of particles in the thickness direction cannot yield a reliable result. Furthermore, the results610

of the SPH shell proposed in [31] are also plotted in Figure 27 for comparison, of which the resolution is611

∆x = Lc/160. Obviously, a large deviation is observed against the reference. In contrast, our method612

achieves a convergent result even using a lower resolution ∆xg = Lc/120. This case once again demonstrates613

the advantage of our method for thin structures.614

6.5. Pinched hemisphere615

A pinched hemisphere example is considered in this section to test the elastoplastic performance of our616

MPM shell method. The setup of this case is shown in Figure 28, where the hemisphere is subject to the617

outward and inward force 2F exerting at four quarter points on the edge. The material parameters are618

displayed in the figure, where Y and εp are the yield stress and equivalent plastic strain, respectively. The619

quasi-static simulation approach is again used to quickly achieve equilibrium.620

First, a grid resolution of ∆xg = Lc/20 is applied, with Lc = πR/2, which means ∆xg = 0.157 mm,621

about three times the thickness of the hemispherical shell. Under resolution ∆xg = 0.157 mm, the numbers622

of shell particles and stress points are 1,057 and 1,020, respectively. Figure 29 displays the deformation623

profiles of the hemisphere under various loads, and the contour indicates equivalent plastic strain. It shows624

that the strain field is quite smooth and without an apparent hourglass instability, thanks to the adopted625

stress points and stabilization term in Equation (51). Figure 30 presents a quantitative comparison between626

the present results and references from [88] and [64], in which the displacements at probe points A and B627
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(a) t = 1.2 ms (b) t = 2 ms

(c) t = 5.1 ms (d) t = 7.5 ms

Fig. 24. Collision of rings: five deformed rings at different instants simulated with ∆xg = Lc/60, where contour indicates horizontal
velocity.
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Fig. 25. Schematic of the pinched cylinder.

are plotted. It is shown that the present results agree quite well with both references. Results using grid628

resolution ∆xg = Lc/40 are also given in Figure 30, and we observe that the difference between higher and629

lower resolutions is quite small, which indicates that the lower grid cell size ∆xg = Lc/20 can achieve a630

reliable simulation. In [64], the deployed grid cell size of 0.4 mm can get reliable results using an improved631

MPM approach, where no larger resolution is tested; however, traditional MPM sees extremely large error632
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Fig. 26. Pinched cylinder: simulated deformation profiles under different loads with ∆xg = Lc/120, where the contour indicates
averaged von Mises stress in the thickness direction.

0 1 2 3 4 5
Displacement (m)

0

5

10

15

20

25

30

35

40

Fo
rc

e 
(k

N)

Sze et al. 2004, A
Sze et al. 2004, B
Sze et al. 2004, C

xg = Lc/120, A
xg = Lc/120, B
xg = Lc/120, C
xg = Lc/160, A
xg = Lc/160, B
xg = Lc/160, C

SPH, Wu et al. 2024, A
SPH, Wu et al. 2024, B
SPH, Wu et al. 2024, C
SSMPM, Li et al. 2023, A
SSMPM, Li et al. 2023, B
SSMPM, Li et al. 2023, C
MPM, Li et al. 2023, A
MPM, Li et al. 2023, B
MPM, Li et al. 2023, C

Fig. 27. Pinched cylinder: displacements at three probe points simulated using the grid resolution ∆xg = Lc/120 and ∆xg = Lc/160
under different external loads, where the widely used reference is from [84]. In addition, the results of SPH shell [31], solid-shell MPM
(SSMPM) and pure MPM [64] are used as comparisons.
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Fig. 29. Pinched hemisphere: simulated deformation profiles under different loads, where the contour indicates averaged equivalent
plastic strain in the thickness direction.
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Fig. 31. Schematic of the twisted cylinder.

even for small deformation. It is worth noting that the proposed shell MPM, with ∆xg three times the shell633

thickness, can provide reliable prediction results, and this property is difficult to achieve using traditional634

MPM.635

6.6. Twisted hollow cylinder636

In this section, a twisted hollow cylinder is simulated using the proposed shell MPM. This case was first637

studied in [29] using the IGA method and was later simulated in [34] using the peridynamics method. In638

this case, a torsional displacement, fixed in the axial direction, is exerted on the cylinder top with its bottom639

fixed, as shown in Figure 31. Due to a perturbation in the cylinder body, the cylinder will enter a buckling640

deformation mode as the torsional displacement increases. The parameters of the cylinder materials are641

shown in the schematic. The quasi-static simulation mode is used in this case.642

The grid resolution is chosen as ∆xg = 2πR/86 = 2.55 mm, similar to that used in [34]. Under resolution643

∆xg = 2.55 mm, the numbers of shell particles and stress points are 8,514 and 8,428, respectively. The644

deformation profiles of the cylinder under different torsional angles are shown in Figure 32, where the645

torsional buckling phenomenon is clearly captured using the proposed MPM shell method. To quantitatively646

estimate the performance of the simulation, the deformation defined using the displacement norm average647
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Fig. 32. Twisted hollow cylinder: deformed profiles of the cylinder twisted at different torsional angles.
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Fig. 33. Twisted hollow cylinder: the norm of displacement, as defined in Equation (59), versus twist angle, and comparison to the
references in [29] and [34].

of all particles, Unorm, is recorded at different torsional angles, with Unorm expressed as648

Unorm =

√∑

Np

∥∥φp −φ0p

∥∥2 /Np, (59)

where Np is the shell particle number. Figure 33 displays the comparison of present results with those in649

[29] and [34]. It is shown that the curve predicted using the present MPM shell method agrees quite well650

with that simulated using isogeometric FEM. We note that the selected grid resolution ∆xg is 2.5 times the651

shell thickness.652

7. Concluding Remarks653

This study developed a novel MPM for RM shells that avoids meshing the shell geometry and enables654

a grid cell size much coarser than the shell thickness. The weak form of the MPM shell was derived on the655

2D curved shell surface using Hamilton’s principle, and a transformation from the 2D curved surface to 3D656
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Cartesian space enabled solving the weak form in the context of MPM. The proposed MPM shell method657

describes the dynamics using a set of equations compatible with either the updated or total Lagrangian658

framework. The P2G and G2P steps are implemented based on the GIMP approach, and Newmark-β time659

integration is adopted, which allows a much larger time step than the widely used USL scheme. Stress points660

are also adopted, to improve numerical stability, and the gradients of shell field values are calculated on the661

curvilinear surface using the kernel function method. The incremental stress update is implemented on stress662

points, considering large deformations and rotations. In addition, an anti-hourglass term further improves663

numerical stability of the pseudo-normal of the shell. Additionally, self- or multi-body contact of the shell664

can be simulated in the present method.665

The proposed MPM shell method is validated using a set of benchmark cases. Across all test cases,666

we observed smooth field values without numerical instability, and predictions that agree quite well with667

reference solutions from the literature. In various examples, we demonstrate that our MPM shell method668

can yield a reliable prediction using a grid cell size much larger than the shell thickness, which eliminates the669

requirement of resolving the thin shells using the computational grid as in traditional MPM or other tech-670

niques. Furthermore, the present method displays a good performance in handling shell contact behaviors.671

Overall, we find the proposed MPM shell method to be robust, accurate, and highly efficient compared to672

traditional MPM. Given the first-order convergence rate observed in the proposed method, a higher-order673

MPM could be pursued in the future, especially given recent works such as [89]. Incorporating fracture674

mechanics [90] could also be considered as future work.675
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Appendix A. Rotational plate863

A rotational plate is simulated using the present method. The schematic and setup of this case are illustrated in Figure A.1, where864

the square plate rotates with respect to the x axis. The snapshots at different times of the rotational plate simulated with resolution865

∆xg = 1/20 m are shown in Figure A.2. One can clearly observe the von Mises stress and velocity fields. The coordinate y over866

time at one of the corners is plotted in Figure A.3(a). In addition, the momentum and angular momentum of the system are shown867

in Figure A.3(b) and (c). In this case, these two momentum variables are expected to maintain their initial values, since there is no868

external momentum or angular momentum input to the system. The present simulation results show that the conservation property of869

momentum or angular momentum is well achieved.870

𝐸𝐸 = 17 MPa
𝜐𝜐 = 0.45

𝐿𝐿 = 1 m

𝜌𝜌 = 1100 kg/m3

𝜁𝜁 = 0.05 m
𝑥𝑥

𝑦𝑦
𝑧𝑧

𝜔𝜔 = 40 /s

𝑂𝑂

Probe 
point

Fig. A.1. Schematic of the rotational plate.
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Fig. A.2. Rotational plate: the rotating plate at different times, where contour and vectors indicate von Mises stress and velocity,
respectively.
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Fig. A.3. Rotational plate: (a) Coordinate y at the probe point, (b) momentum and (c) angular momentum of the system.
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