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 a b s t r a c t

This study proposes a particle-grid discontinuous Galerkin (PG-DG) method for weakly compress-
ible free-surface and multiphase flows. In the particle-to-grid (P2G) step, particles are mapped 
onto DG cells according to the cell phase status determined by the phase fraction. The phase frac-
tion is computed directly from particles, eliminating the longstanding issue of mass dissipation. 
Field variables are then updated on the DG cells, and in the grid-to-particle (G2P) step, the updated 
values are projected back onto particles at the beginning of a time step using DG test functions. 
For free-surface flows, numerical fluxes are evaluated based on whether a neighboring cell is vac-
uum. For multiphase interfacial regions, a post-mixing strategy is introduced within the PG-DG 
framework. In addition, surface particles can be naturally identified, which helps maintain a uni-
form particle distribution. Benchmark results show that the PG-DG method is stable and accurate 
for free-surface flows, high-density-ratio multiphase flows, and hybrid flow problems in both two 
and three dimensions. The method remains reliable even at coarse resolutions, where conven-
tional meshless methods often struggle to achieve comparable accuracy. Moreover, the proposed 
approach guarantees mass conservation in the particle domain and exhibits significantly lower 
energy dissipation than conventional meshless methods in multiphase flow simulations. Overall, 
the PG-DG method combines the high fidelity of mesh-based methods with the mass-conserving 
advantage of particle-based approaches.

1. Introduction

Incompressible and weakly compressible free-surface and multiphase flows are ubiquitous in nature and arise in a wide range 
of engineering applications, such as ship hydrodynamics, propeller flows, and dam-break problems. Accurate simulation of these 
flows is of great importance for the design, analysis, and optimization of critical systems in ocean, civil, aeronautical, and biomedical 
engineering, and has long been a major research topic in computational fluid dynamics (CFD). Conventional mesh-based CFD methods 
have been extensively developed, including the finite-difference method (FDM) [1], finite-volume method (FVM) [2], and finite-
element method (FEM) [3]. For incompressible flows without interfaces or free surfaces, these methods are readily applicable [4,5].

However, flows with fluid interfaces—and the ensuing complex evolution of said interfaces—require additional care. Interface-
capturing or interface-reconstruction techniques are typically required, such as the volume-of-fluid (VOF) method [6–10] or the level-
set method [11–15], in which the interface is represented as either a diffuse or a sharp interface [16]. However, the vanilla level-set 
method tends to introduce mass dissipation in long-term simulations [17], and VOF methods often suffer from interface smearing 
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$\delta $


$\delta $


\begin {equation}\label {eq:ns} \dfrac {\partial \mathbf {U}}{\partial t} + {\nabla } \cdot \mathbf {F}\left (\mathbf {U} \right ) = \mathbf {S},\end {equation}


\begin {equation}\mathbf {U}= \begin {pmatrix} \rho \\ \rho \boldsymbol {v}\\ \end {pmatrix}, \quad \mathbf {F(\mathbf {U})}= \begin {pmatrix} \rho \boldsymbol {v}^{\rm T}\\ \rho \boldsymbol {v}\boldsymbol {v}^{\rm T} + p\mathbf {I} - \boldsymbol {\tau } \end {pmatrix}, \quad \mathbf {S} = \begin {pmatrix} 0 \\ \rho \boldsymbol {f}\\ \end {pmatrix}. \label {Xeqn2-2}\end {equation}


$\rho $


$\boldsymbol {v}$


$p$


$\boldsymbol {f}$


$\mathbf {I}$


$\boldsymbol {\tau }$


\begin {equation}\label {eq:visco} \boldsymbol {\tau } = \mu \left (\nabla \boldsymbol {v} + \nabla \boldsymbol {v}^{\rm T} \right ) -\frac {2}{3}\mu (\nabla \cdot \boldsymbol {v})\mathbf {I},\end {equation}


$\mu $


\begin {equation}\label {eq:eos0} p=\dfrac {\rho _{0} c^{2} }{\gamma }\left [\left (\dfrac {\rho }{\rho _{0}} \right )^\gamma -1 \right ] = \rho _{0} c^{2}\left [ \epsilon + \dfrac {\gamma -1}{2} \epsilon ^2 + \ldots \right ] ,\end {equation}


$\epsilon = \frac {\rho - \rho _{0}}{\rho _{0}}$


$\rho _{0}$


$c$


$\gamma $


$\epsilon $


$1\,\%$


\begin {equation}\label {eq:wc} c \geq 10 \max ( U_{\max }, \sqrt {p_{\max }/{\rho _{0}}}),\end {equation}


$U_{\max }$


$p_{\max }$


\begin {equation}\label {eq:eos} p=c^{2} ( \rho - \rho _{0} ),\end {equation}


$\mathcal {O}(10^{-4})$


$i \in \mathcal {C}$


$(i^{\prime },j^{\prime }, k^{\prime })$


$\Delta x$


$\Delta y$


$\Delta z$


$k'$


$\Delta z$


$\Omega _i = [x_{i^{\prime }-\frac {1}{2}}, x_{i^{\prime }+\frac {1}{2}}] \times [y_{j^{\prime }-\frac {1}{2}}, y_{j^{\prime }+\frac {1}{2}}] \times [z_{k^{\prime }-\frac {1}{2}}, z_{k^{\prime }+\frac {1}{2}}]$


$\Delta x \Delta y \Delta z$


$\boldsymbol {x}_{c,i} = [(x_{i^{\prime }-\frac {1}{2}}+ x_{i^{\prime }+\frac {1}{2}})/2, \allowbreak (y_{j^{\prime }-\frac {1}{2}}+ y_{j^{\prime }+\frac {1}{2}})/2, \allowbreak (z_{k^{\prime }-\frac {1}{2}}+z_{k^{\prime }+\frac {1}{2}})/2 ]$


\begin {equation}\label {eq:galer} \begin {aligned} \int _{\Omega _i} \delta \mathbf {U}^{\rm T} \left [ \dfrac {\partial \mathbf {U}}{\partial t} + {\nabla } \cdot \mathbf {F}\left (\mathbf {U} \right ) - \mathbf {S} \right ] dV =0. \end {aligned}\end {equation}


$\mathcal {V}_h = \left \lbrace \Phi : \Phi \in \mathbb {P}^1(\Omega _i) \right \rbrace $


$\mathbb {P}^1(\Omega _i)$


$\Omega _i$


$\boldsymbol {x}$


$\forall \boldsymbol {x} \in \Omega _i$


$\boldsymbol {x}-\boldsymbol {x}_c=\left ( x, y, z \right )$


$\mathbf {U}_h$


\begin {equation}\label {eq:U} \mathbf {U}_h = \mathbf {U}^{(0)} + \mathbf {U}^{(1)} x + \mathbf {U}^{(2)} y + \mathbf {U}^{(3)} z = [\mathbf {U}][\mathbf {\Phi }]^{\rm T} = \mathbf {U}^{(0)} + [{\mathbf {U}}^\prime ][{\mathbf {\Phi }^\prime }]^{\rm T},\end {equation}


\begin {equation}\begin {aligned} &[\mathbf {U}] = \left (\mathbf {U}^{(0)}, \mathbf {U}^{(1)}, \mathbf {U}^{(2)}, \mathbf {U}^{(3)} \right ), \quad [\mathbf {\Phi }] = \left (1, x, y, z \right ),\\ &[\mathbf {U}^\prime ] = \left (\mathbf {U}^{(1)}, \mathbf {U}^{(2)}, \mathbf {U}^{(3)} \right ), \quad [\mathbf {\Phi }^\prime ] = \left ( x, y, z \right ). \end {aligned} \label {Xeqn9-9}\end {equation}


$I$


$[\mathbf {U}]$


\begin {equation}\label {eq:dg0} \dfrac {\partial \mathbf {U}^{(J)}}{\partial t}\int _{\Omega _i} \Phi ^{(I)} \Phi ^{(J)} dV = \int _{\Omega _i} \mathbf {F} \nabla \Phi ^{(I)} dV - \int _{\partial \Omega _i} \mathbf {F} \Phi ^{(I)} \boldsymbol {n} dS + \int _{\Omega _i} \mathbf {S} \Phi ^{(I)} dV, \quad I= 0,1,2,3.\end {equation}


$\mathbf {U}^{(0)}$


$\mathbf {U}^{(1,2,3)}$


$\mathcal {V}_h$


$\int _{\Omega _i} \Phi ^{(I)} \Phi ^{(J)} dV = M_I \delta _{IJ}$


$\mathcal {P}$


$p \in \mathcal {P}$


\begin {equation*}\kappa :\mathcal {P}\to \mathcal {C}.\end {equation*}


$i$


\begin {equation}\label {eq:map} \mathcal {P}_i := \{\, p\in \mathcal {P}\mid \kappa (p)=i \,\}.\end {equation}


$\Delta \bar {x}$


$\Delta \bar {x} = \sqrt {\Delta x \Delta y }$


$\sqrt [3]{\Delta x \Delta y \Delta z}$


$\mathcal {N}_{i}$


$i$


$(i^{\prime },j^{\prime })$


$\mathcal {N}_{i}$


$i$


$(i^{\prime },j^{\prime })$


$(i^{\prime },j^{\prime })$


$(i^{\prime },j^{\prime })$


$1.1 \Delta \bar {x}$


$p$


$\omega (p)= \chi $


$\chi $


$i$


$\chi $


$\alpha _{i,\chi }$


$\alpha _{i,\chi }^{\prime }$


\begin {equation}\label {eq:alph0} \alpha _{i,\chi }^{\prime } = \sum _{\omega (p)= \chi , p \in \mathcal {P}_{j}, j \in \mathcal {N}_{i}} W\left (\left \|\boldsymbol {x}_{ip} \right \|, h \right ),\end {equation}


$\boldsymbol {x}_{ip} = \boldsymbol {x}_{p}-\boldsymbol {x}_{p}$


\begin {equation}\begin {aligned} \label {eq:interp} \mathbf {U}_{i,\chi }^{(I)} = \begin {cases} \dfrac {\sum _{\omega (p)= \chi , p \in \mathcal {P}_{j}, j \in \mathcal {N}_{i}} \left (\mathbf {U}_{p}^{(0)} + [{\mathbf {U}}^\prime ]_{p}[{\mathbf {\Phi }}^\prime ]_{p i}^{\rm T}\right ) W\!\left (\left \|\boldsymbol {x}_{ip} \right \|, h \right )}{ \alpha _{i,\chi }^{\prime } }, \quad &I=0, \\ \dfrac {\sum _{\omega (p)= \chi , p \in \mathcal {P}_{j}, j \in \mathcal {N}_{i}} {\mathbf {U}}_{p}^{(I)} W\!\left (\left \|\boldsymbol {x}_{ip} \right \|, h \right )}{ \alpha _{i,\chi }^{\prime } }, \quad &I>0. \end {cases} \end {aligned}\end {equation}


$C^2$


$W(r,h)$


\begin {equation}\begin {aligned} W(r,h)=\begin {cases} C_h \left (1-\dfrac {r}{2h}\right )^4\left (1+\dfrac {2r}{h}\right ), \quad & \frac {r}{h}\le 2, \\ 0, \quad & \frac {r}{h} >2, \\ \end {cases} \label {eq:w} \end {aligned}\end {equation}


$h =1.6\Delta \bar {x}$


$C_h = \frac {7}{4\pi h^2}$


$\frac {21}{16\pi h^3}$


$\alpha _{i,\chi }^{\prime }$


$\alpha _{i,\chi }$


\begin {equation}\label {eq:alph1} \alpha _{i,\chi } =\dfrac {\alpha _{i,\chi }^{\prime }}{\sum _{k}^C\alpha _{i,k}^{\prime }},\end {equation}


$C$


\begin {equation}\label {eq:alph_c} \alpha _{\chi }(\boldsymbol {x}) = \dfrac {\int _{\Omega _{\chi }(t)} W(\boldsymbol {x}^{\prime }-\boldsymbol {x}) d\boldsymbol {x}^{\prime }}{\int _{\sum _{\chi }^C \Omega _{\chi }(t)} W(\boldsymbol {x}^{\prime }-\boldsymbol {x}) d\boldsymbol {x}^{\prime }},\end {equation}


$\Omega _{\chi }(t)$


$\chi $


$t$


$\int _{\sum _{\chi }^C \Omega _{\chi }(t)} W(\boldsymbol {x}^{\prime }-\boldsymbol {x}) d\boldsymbol {x}^{\prime }$


$m_0$


$\alpha _{\chi }(\boldsymbol {x})$


\begin {equation}\nabla \alpha _{\chi }(\boldsymbol {x}) = -\dfrac {1}{m_0}\int _{\partial \Omega _{\chi }(t)} W(\boldsymbol {x}^{\prime }-\boldsymbol {x}) \boldsymbol {n} dS. \label {Xeqn16-16}\end {equation}


$\alpha _{\chi }(\boldsymbol {x})$


\begin {equation}\dfrac {\partial \alpha _{\chi }}{\partial t} = \dfrac {1}{m_0} \int _{\partial \Omega _{\chi }(t)} W(\boldsymbol {x}^{\prime }-\boldsymbol {x})\boldsymbol {v} \cdot \boldsymbol {n} dS = \dfrac {\bar {\boldsymbol {v}}}{m_0} \cdot \int _{\partial \Omega _{\chi }(t)} W(\boldsymbol {x}^{\prime }-\boldsymbol {x}) \boldsymbol {n} dS = -\bar {\boldsymbol {v}} \cdot \nabla \alpha _{\chi }(\boldsymbol {x}). \label {Xeqn17-17}\end {equation}


\begin {equation}\dfrac {\partial \alpha _{\chi }}{\partial t} + \bar {\boldsymbol {v}} \cdot \nabla \alpha _{\chi }(\boldsymbol {x}) =0. \label {Xeqn18-18}\end {equation}


$3\Delta \bar {x}$


$\mathcal {N}_{i}$


$PS$


$i$


$\chi $


$PS_{i,\chi }=1$


\begin {equation}\label {eq:PS} PS_{i,\chi } = \begin {cases} 1, \quad \alpha _{i,\chi }^{\prime } >0 ,\\ 0, \quad \alpha _{i,\chi }^{\prime } =0 .\\ \end {cases}\end {equation}


$FS$


$\alpha _{i,\chi }^{\prime }$


\begin {equation}\label {eq:FS} FS_i = \begin {cases} 1, \quad \sum _\chi \alpha _{i,\chi }^{\prime } >0 ,\\ 0, \quad \sum _\chi \alpha _{i,\chi }^{\prime } =0 .\\ \end {cases}\end {equation}


$FS=0$


$i$


$\chi $


$PS_{i,\chi }^n= 0 \Rightarrow PS_{i,\chi }^{n+1}= 1$


$\mathbf {U}_{i,\chi }^{(I)}$


${\mathbf {U}}^{(I)}_{p,\chi }$


$[{\mathbf {\Phi }}^\prime ]_{p i}$


$\boldsymbol {x}_{pi}$


$\mathbf {U}_{i,\chi }^{(I)}$


$i$


$\boldsymbol {v}_{i} = \boldsymbol {v}_{p} + \mathbb {C}_p \left ( \boldsymbol {x}_{i} - \boldsymbol {x}_{p}\right )$


$\mathbf {U}_{p} + [{\mathbf {U}}^\prime ]_{p}[{\mathbf {\Phi }}^\prime ]_{p i}^{\rm T}$


$\chi $


\begin {equation}\label {eq:dg_d1} \dfrac {\partial \mathbf {U}^{(I)}_{i, \chi }}{\partial t} = \dfrac {1}{M_{Ii}} \left [ \sum _{s}^{G_1} \left ( \mathbf {F}_{is,\chi } \nabla \Phi _{is}^{(I)} + \mathbf {S}_{is,\chi } \Phi _{is}^{(I)} \right ) w_s V_i - \sum _j^{N_i} \sum _t^{G_2} \hat {\mathbf {F}}_{ijt,\chi }\Phi _{ijt}^{(I)} \cdot \boldsymbol {n}_{j} S_j w_t \right ], \quad I= 0,1,2,3.\end {equation}


$G_1$


$G_2$


$\Omega _i$


$j$


$N_i$


$i$


$\nabla \boldsymbol {v}$


$s$


$w_s$


$ij$


$t$


$w_t$


\begin {equation}\label {eq:flx_intf} \hat {\mathbf {F}}_{ijt,\chi } = \dfrac {1}{2}\left (\mathbf {F}_{it,\chi } + \mathbf {F}_{jt,\chi } \right ) - \dfrac {1}{2}\mathbf {A}_{ijt,\chi }\left ( \mathbf {U}_{jt,\chi } - \mathbf {U}_{it,\chi } \right ),\end {equation}


$\mathbf {A}_{ijt,\chi }$


\begin {equation}\mathbf {A}_{ijt,\chi } = \diagdown (c_{ijt,\chi }, {\tilde {a}}_{ijt,\chi }, \tilde {a}_{ijt,\chi }, \tilde {a}_{ijt,\chi }). \label {Xeqn24-24}\end {equation}


\begin {equation}\begin {aligned} &c_{ijt,\chi } = \xi _{ij, \chi }\dfrac {\bar {c}_{it} + \bar {c}_{jt}}{2}, \\ &\tilde {a}_{ijt,\chi } =\xi _{ij, \chi } \max \left ( \left | \boldsymbol {v}_{it,\chi }\cdot \boldsymbol {n}_{j}\right |, \left | \boldsymbol {v}_{jt,\chi }\cdot \boldsymbol {n}_{j}\right | \right ), \\ &\xi _{ij, \chi } = \dfrac {\alpha _{i,\chi } + \alpha _{j,\chi }}{2\alpha _{i,\chi } } , \end {aligned} \label {Xeqn25-25}\end {equation}


$\bar {c}$


\begin {equation}\label {eq:bar_c} \dfrac {1}{{\bar {c}}^2} = \dfrac {\alpha _1}{c_1^2} + \dfrac {\alpha _2}{c_2^2}.\end {equation}


$\tilde {a}_{ijt,\chi }$


$\tilde {U}_i$


$\tilde {\mathbf {U}}_i$


\begin {equation}\label {eq:linear_lim} \tilde {U}_{i,\chi } = U^{(0)}_{i,\chi } + \psi _{i,\chi } [{U}^\prime ]_{i,\chi } [{\mathbf {\Phi }}^\prime ]^{\rm T},\end {equation}


$\psi $


\begin {equation}{U}^{(0), \mathrm {min}}_{i,\chi } \le \tilde {U}_{i,\chi } \le {U}^{(0), \mathrm {max}}_{i,\chi }, \label {Xeqn27-27}\end {equation}


${U}^{(0), \mathrm {max}}_{i,\chi } = \mathop {\max }\limits _{j \in N_i} {U}^{(0)}_{j,\chi }$


${U}^{(0), \mathrm {\min }}_{i,\chi } = \mathop {\min }\limits _{j \in N_i} {U}^{(0)}_{j,\chi }$


$\psi _{i,\chi } = \mathop {\min }\limits _{j \in N_i} \psi _{ij,\chi }$


$\chi $


$\psi _{ij,\chi }$


\begin {equation}\label {eq:bj} \psi _{ij,\chi } = \begin {cases} \min \left ( 1, \dfrac {{U}^{(0), \mathrm {max}}_{i,\chi } -{U}^{(0)}_{i,\chi } }{[{U}^\prime ]_{i,\chi } [{\mathbf {\Phi }}^\prime ]^{\rm T}_{ij}} \right ), \quad &[{U}^\prime ]_{i,\chi } [{\mathbf {\Phi }}^\prime ]^{\rm T}_{ij} >0 ,\\ \min \left ( 1, \dfrac {{U}^{(0), \mathrm {min}}_{i,\chi } - {U}^{(0)}_{i,\chi } }{[{U}^\prime ]_{i,\chi } [{\mathbf {\Phi }}^\prime ]^{\rm T}_{ij}} \right ), \quad &[{U}^\prime ]_{i,\chi } [{\mathbf {\Phi }}^\prime ]^{\rm T}_{ij} <0 ,\\ 1, \quad &[{U}^\prime ]_{i,\chi } [{\mathbf {\Phi }}^\prime ]^{\rm T}_{ij} =0 .\\ \end {cases}\end {equation}


\begin {equation}\label {eq:tvd_rk} \begin {aligned} \mathbf {U}^{(I), n+1,*}_{i, \chi } &= \psi _{i, \chi }^{(I)} \mathbf {U}^{(I), n}_{i, \chi } + \psi _{i, \chi }^{(I)} \left ( \dfrac {\partial \mathbf {U}^{(I)}_{i, \chi }}{\partial t}\right )^n \Delta t, \\ \mathbf {U}^{(I), n+1}_{i, \chi } &= \dfrac {1}{2}\mathbf {U}^{(I), n}_{i, \chi } + \dfrac {1}{2}\psi _{i, \chi }^{(I)} \mathbf {U}^{(I), n+1,*}_{i, \chi } + \dfrac {1}{2} \psi _{i, \chi }^{(I)} \left ( \dfrac {\partial \mathbf {U}^{(I)}_{i, \chi }}{\partial t}\right )^{n+1,*} \Delta t, \end {aligned}\end {equation}


\begin {equation}\psi _{i, \chi }^{(I)} = \begin {cases} 1, \quad &I =0 ,\\ \psi _{i, \chi }, \quad &I > 0 .\\ \end {cases} \label {Xeqn30-30}\end {equation}


$\psi _{i,\chi }^{(I)}$


$\psi _{i,\chi }^{(I)} \mathbf {U}_{i,\chi }^{(I),n}$


\begin {equation}\begin {aligned} & \Delta t = \min (\Delta t_1, \Delta t_2),\\ &\Delta t_1 = \text {CFL} \cdot \dfrac {\Delta x}{\max {(c_1,\ldots , c_C )} + \left | \boldsymbol {v} \right |_{\rm max}}, \quad \Delta t_2 = 0.1 \sqrt {\dfrac {\Delta x}{\left | \boldsymbol {a} \right |_{\rm max} } } ,\\ \end {aligned} \label {Xeqn31-31}\end {equation}


$\left | \boldsymbol {a} \right |_{\rm \max }$


$\text {CFL}<1/(1+2p^\prime )$


$p^\prime $


$0.3$


$c_1/c_2$


$\rho _{0,1}/\rho _{0,2}< 10$


$\rho _{0,1}/\rho _{0,2}> 1000$


$10<\rho _{0,1}/\rho _{0,2}<1000$


\begin {equation}\label {eq:map_p} \mathbf {U}_{p}^{(0),n} = \mathbf {U}^{(0),n}_{i,\chi } + [{\mathbf {U}}^\prime ]^n_{i,\chi }[{\mathbf {\Phi }}^\prime ]_{ip}^{\rm T}, \text { for } \omega (p)=\chi ,\end {equation}


$i$


$p$


$p$


$\chi $


$\omega (p)=\chi $


\begin {equation}\begin {aligned} &\mathbf {U}^{(0),n+1,*}_{p} = \mathbf {U}^{(0),n}_{p} + \left ( \dfrac {\partial \mathbf {U}_{p}}{\partial t}\right )^n \Delta t,\\ &{\mathbf {U}}^{(I),n+1,*}_{p} = {\mathbf {U}}^{(I),n+1,*}_{i,\chi } , \quad I>0,\\ &\boldsymbol {x}^{n+1,*}_{p} = \boldsymbol {x}^{n}_{p} + \boldsymbol {w}_p^n \Delta t,\\ \end {aligned} \label {eq:upd_p1}\end {equation}


\begin {equation}\begin {aligned} &\mathbf {U}^{(0),n+1}_{p} = \dfrac {1}{2}\mathbf {U}^{(0), n}_{p} + \dfrac {1}{2}\mathbf {U}^{(0),n+1,*}_{p} + \dfrac {1}{2} \left ( \dfrac {\partial \mathbf {U}_{p}}{\partial t}\right )^{n+1, *} \Delta t,\\ &{\mathbf {U}}^{(I),n+1}_{p} = {\mathbf {U}}^{(I),n+1}_{i,\chi } , \quad I>0,\\ &\boldsymbol {x}^{n+1}_{p} = \dfrac {1}{2}\boldsymbol {x}^{ n}_{p} + \dfrac {1}{2}\boldsymbol {x}^{ n+1,*}_{p} + \dfrac {1}{2} \boldsymbol {w}_p^{n+1, *} \Delta t,\\ \end {aligned} \label {eq:upd_p2}\end {equation}


${U}_{p, \chi }$


$\mathbf {U}_{p, \chi }$


\begin {equation}\begin {aligned} & \dfrac {\partial {U}_{p}}{\partial t} = \sum _I {\psi }_{i,\chi }^{(I)} \left ( \dfrac {\partial {U}^{(I)}_{i,\chi }}{\partial t}\right ) {\Phi }^{(I)}_{ip} + \nabla {U}_{i,\chi } \cdot \boldsymbol {w}_p . \end {aligned} \label {eq:upd_p3}\end {equation}


$\boldsymbol {w}_p$


$\boldsymbol {w}_p$


${SI}^{\prime }_i = 1$


\begin {equation}{SI}^{\prime }_i = \left \lbrace FS_i =1 \;\text {and}\; \exists \, j \in \mathcal {N}_i \ \text {s.t.}\ FS_j=0 \right \rbrace . \label {Xeqn36-36}\end {equation}


$p$


${SI}^{\prime }_i =1$


$p$


${SI}^{\prime }_p=1$


\begin {equation}{SI}^{\prime }_p = \left \lbrace \kappa (p)=i \ \text {and}\ {SI}^{\prime }_i =1 \right \rbrace . \label {Xeqn37-37}\end {equation}


$p$


$p$


$p$


$i$


$\kappa (p)=i$


$b$


$i$


$b$


$p$


$0.4\Delta \bar {x}$


\begin {equation}\label {eq:shift1} \delta \boldsymbol {v}_{p}^{(\rm np)} = \dfrac {\Delta t}{2}\sum _b \dfrac {\varepsilon c_{p}^2}{\boldsymbol {x}_{pb} \cdot \boldsymbol {n}_b } \boldsymbol {n}_b, \quad \text {for } \left |\boldsymbol {x}_{pb} \cdot \boldsymbol {n}_b \right |<0.4\Delta \bar {x}.\end {equation}


$\boldsymbol {n}_b$


$\varepsilon $


$\varepsilon =0.01$


$\mathfrak {N}_p$


$p$


\begin {equation}\mathfrak {N}_p = \left \lbrace s \in \mathcal {P} \mid \left \|\boldsymbol {x}_{ps} \right \|<3.2\Delta \bar {x} \right \rbrace . \label {Xeqn39-39}\end {equation}


$\kappa (p)=i$


\begin {equation}\delta \boldsymbol {v}_p^{\prime }= - \dfrac {\Delta t\tilde {c}^2}{2} \left [ \sum _{s} \left ( 1+ 0.2 \mathcal {W}_{ps}^4 \right ) \nabla W_{ps} V_s +\sum _{b} \left ( 1+ 0.2\mathcal {W}_{pb}^4 \right ) W_{pb} \boldsymbol {n}_b S_b \right ] , \label {eq:pst}\end {equation}


$\mathcal {W}_{ps} = W\left (\left \|\boldsymbol {x}_{ps} \right \|, h \right )/ W(\Delta \bar {x}, h )$


$\tilde {c}$


$SI_p$


\begin {equation}SI_p = \left \lbrace \exists \, s \in \mathfrak {N}_p \ \text {s.t.}\ {SI}^{\prime }_s=1 \right \rbrace , \label {Xeqn41-41}\end {equation}


$SI_p=1$


\begin {equation}\label {eq:shift2} \delta \boldsymbol {v}_p^{(\rm pst)} = \delta \boldsymbol {v}_p^{\prime } \min \left (\left \| \delta \boldsymbol {v}_p^{\prime } \right \| , \dfrac {\Delta \bar {x}}{10 \Delta t}\right )/\left \| \delta \boldsymbol {v}_p^{\prime } \right \| .\end {equation}


\begin {equation}\delta \boldsymbol {v}_p^{\prime \prime } = - \dfrac {\Delta t\tilde {c}^2}{20} \sum _{s^\prime } \nabla W\left (\left \|\boldsymbol {x}_{ps^\prime } \right \|, h \right ) V_{s^\prime }, \label {Xeqn43-43}\end {equation}


$s^\prime $


\begin {equation}\label {eq:shift3} \delta \boldsymbol {v}_p^{(\rm s)} = \delta \boldsymbol {v}_p^{\prime \prime } \min \left (\left \| \delta \boldsymbol {v}_p^{\prime \prime } \right \| , \dfrac {\Delta \bar {x}}{10 \Delta t}\right )/\left \| \delta \boldsymbol {v}_p^{\prime \prime } \right \|,\end {equation}


$\delta \boldsymbol {v}_p$


$SI_p$


\begin {equation}\label {eq:distri} \begin {aligned} \delta \boldsymbol {v}_p = \begin {cases} \delta \boldsymbol {v}_p^{(\rm np)} + \delta \boldsymbol {v}_p^{(\rm pst)} + \delta \boldsymbol {v}_p^{(\rm s)}, \quad & SI_p =0 ,\\ \delta \boldsymbol {v}_p^{(\rm np)}, \quad & SI_p =1.\\ \end {cases} \end {aligned}\end {equation}


\begin {equation}\boldsymbol {w}_p = \boldsymbol {v}_p + \delta \boldsymbol {v}_p . \label {Xeqn46-46}\end {equation}


$i$


$j$


$k$


\begin {equation}\label {eq:freemp1} \rho _{jt,\chi } = \rho _{0,\chi }, \quad \boldsymbol {v}_{jt,\chi } = \boldsymbol {v}_{it,\chi },\end {equation}


\begin {equation}\label {eq:freemp2} \rho _{kt,1} = p_{kt,2}/c_1^2 + \rho _{0,1}, \quad \boldsymbol {v}_{kt,1} = \boldsymbol {v}_{kt,2},\end {equation}


$i$


$i$


$PS_{i,1}=PS_{i,2}=1$


$i$
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\begin {equation}p_{kt,2} = c_2^2(\rho _{kt,2} -\rho _{0,2}) . \label {Xeqn49-49}\end {equation}
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\begin {equation}\label {eq:p_mix} p = c_1^2(\hat {\rho }_1^{(0)} -\rho _{0,1}) = c_2^2(\hat {\rho }_2^{(0)} -\rho _{0,2}) = \bar {c}^2(\bar {\rho }^{(0)} -\bar \rho _{0}),\end {equation}
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\begin {equation}\begin {aligned} &\overline {\rho \boldsymbol {v}}^{(0)} = \alpha _1 (\rho \boldsymbol {v})_1^{(0)} + \alpha _2 (\rho \boldsymbol {v})_2^{(0)}, &\bar {\boldsymbol {v}}^{(0)} = \overline {\rho \boldsymbol {v}}^{(0)}/\bar {\rho }^{(0)},\\ \end {aligned} \label {Xeqn54-54}\end {equation}


$\widehat {(\rho \boldsymbol {v})}_\chi $


$\chi $


\begin {equation}\widehat {(\rho \boldsymbol {v})}_1^{(0)} = \hat {\rho }_1^{(0)} \bar {\boldsymbol {v}}^{(0)}, \quad \widehat {(\rho \boldsymbol {v})}_2^{(0)} = \hat {\rho }_2^{(0)} \bar {\boldsymbol {v}}^{(0)}. \label {Xeqn55-55}\end {equation}
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\begin {equation}\overline {\rho \boldsymbol {v}}^{(I)} = \bar {\rho }^{(0)} \bar {\boldsymbol {v}}^{(I)} + \bar {\rho }^{(I)} \bar {\boldsymbol {v}}^{(0)} . \label {Xeqn61-61}\end {equation}
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[6,9]. In addition, interface reconstruction usually involves computationally costly algorithms, especially in three-dimensional cases 
[18].

The conventional methods for interfacial flows discussed above are all based on the Eulerian framework. By contrast, a Lagrangian 
description is often more natural for tracking moving interfaces. Based on this idea, methods such as the arbitrary Lagrangian-Eulerian 
(ALE) method [19] and the front-tracking method [20] have been developed. However, these methods require meshes to track the 
interface and hence often suffer from mesh distortion [21]. Frequent remeshing is usually needed when the interface undergoes large 
and complex deformations, such as in the presence of violent jets or splashing [22].

An alternative to mesh-based methods from a Lagrangian perspective is provided by meshless methods, in which the flow is 
represented solely by numerical particles. Smoothed particle hydrodynamics (SPH), originally proposed in [23] and later extended 
to fluid simulations [24,25], is one of the earliest and most widely used meshless methods. In recent years, numerous studies have 
been devoted to SPH for interfacial flows [26–29]. Although SPH has inherent advantages for free-surface and multiphase flows, its 
accuracy is generally below first order when the particle distribution becomes non-uniform [30]. In addition to the conventional 
weakly compressible SPH formulation, other particle methods have also been developed, such as the moving particle semi-implicit 
(MPS) method [31] and incompressible SPH [32]. There are also semi-meshless methods, such as the element-free Galerkin (EFG) 
method [33] and the reproducing kernel particle method (RKPM) [34], although their applications to interfacial flows have been 
relatively limited.

Considering that purely mesh-based and purely meshless methods both suffer from limitations, either in interface tracking or in 
accuracy, a hybrid Eulerian-Lagrangian approach appears to be a promising alternative. Such an approach combines grid-based and 
particle-based discretizations, and is commonly referred to as a particle-grid (PG) method. The earliest notable PG method is the 
so-called particle-in-cell (PIC) method proposed in [35], in which field variables are mapped back and forth between particles and 
grid cells. The major drawback of PIC is its excessive numerical dissipation. To address this issue, the fluid implicit particle (FLIP) 
method [36] was proposed, in which the time derivatives of variables are transferred to particles for field updates. Based on this 
idea, the material point method (MPM) was introduced in [37], initially for solid mechanics. More recently, MPM has been extended 
to fluid simulations, including compressible flows [38,39] and incompressible or weakly compressible flows [40–42]. Nonetheless, 
simulating fully incompressible flow using MPM can often require implicit or semi-implicit approaches for sufficient stability, which 
can hamper computational performance [43].

Treating fluid as incompressible or weakly compressible is widely adopted for simulating low-Mach flows. Simulation of totally 
incompressible flow requires solving a pressure Poisson equation, which is usually expensive. In comparison, weakly compressible 
flow formulations have attracted considerable attention, in which an equation of state is introduced to relate density to pressure, as is 
commonly done in SPH [24], although a smaller time step is generally required. Within the MPM framework, however, the simulation 
of strongly compressible flows is often easier than that of weakly compressible flows, because the so-called volumetric locking issue 
becomes more pronounced in weakly compressible cases. A number of methods have been proposed to mitigate this artifact [44–46]. 
Nevertheless, most existing studies focus on weakly compressible single-phase flows, while the performance of these methods for 
multiphase flows remains unclear, especially for cases with large density ratios. In [47], strongly compressible multiphase flows were 
studied using MPM. Although an improved formulation was employed, strong spurious pressure oscillations across the interface are 
still observed. Similar difficulties may also arise in weakly compressible multiphase flows with large density ratios. Overall, although 
MPM performs well across various simulation tasks, it may not be the most suitable approach for weakly compressible multiphase 
flows1.

Apart from MPM, several other particle-grid methods have been developed for incompressible multiphase flows. The marker-and-
cell (MAC) method is a typical example of a PG method [49]. However, it is based on a pressure-projection framework, in which 
the pressure treatment must be strictly consistent with the free-surface boundary conditions. In addition, free-surface treatments 
such as merging, de-merging, and the removal of surface undulations can be rather complicated. In [50], a hybrid PG method was 
proposed for incompressible multiphase flows, in which only one phase was represented by particles and the other by the grid. Such 
a formulation is difficult to extend to flows involving more than two phases. A similar idea has also been adopted in SPH–FVM 
coupling methods [51,52]. These methods are, in a sense, close to the traditional PIC method, for which the major drawback, namely 
numerical dissipation caused by repeated data transfer between particles and grid cells, remains unresolved. In addition, there is still 
a lack of particle-grid methods for weakly compressible multiphase flows. Existing incompressible PG methods cannot be directly 
extended to such problems, because in weakly compressible formulations the pressure is computed from the density rather than from 
a velocity-based incompressibility constraint. Under these circumstances, the conventional particle-to-grid interpolation is no longer 
directly applicable.

The simulation of weakly compressible flows with interfaces is typically carried out using explicit FVM, due to its maturity in 
handling convection-dominated problems. Although FEM-based methods, relying on the continuous Galerkin (CG) approach, have 
been developed in recent decades, they do not show clear advantages over FVM for fluid simulations. A similar situation arises 
in particle-grid methods such as MPM, which are normally CG-based, and this is one reason volumetric locking is prominent in 
MPM. In this context, a method that combines the favorable features of both CG and FVM would be a desirable choice for weakly 
compressible interfacial flows. This naturally motivates the use of the discontinuous Galerkin (DG) method [53–56]. Since DG admits 

1 We remark that in [48], a multi-material problem was studied using MPM, where only one phase was represented by MPM particles, while the 
air phase was treated using a mesh-based method. As a result, that approach was not investigated for genuinely multiphase flows with complex 
interfaces.
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discontinuities across cell interfaces and constructs the solution locally within each cell, it combines key advantages of both FEM and 
FVM, making it well suited for fluid simulations. In particular, many mature FVM techniques can be naturally incorporated into the 
DG framework. Several DG methods have been developed for strongly compressible flows [57–59], whereas DG methods for weakly 
compressible multiphase flows remain very limited. To the best of our knowledge, only [60] addresses this problem, where a volume-
fraction formulation is adopted and the interface appears to suffer from severe smearing. In fact, weakly compressible flows are 
not necessarily easier to simulate than strongly compressible flows. When diffuse-interface methods, such as the VOF approach, are 
used for cases with large density ratios, numerical dissipation near the interface can become very pronounced, especially in methods 
that rely on fluxes computed by Riemann solvers. Besides DG, FVM has also been applied to weakly compressible multiphase flows 
[61,62]. Similar to [60], however, these methods are also based on diffuse-interface formulations and therefore cannot avoid excessive 
interface smearing. By contrast, particle-grid DG approaches remain largely underexplored. In [63], PIC was combined with DG to 
simulate plasma dynamics, which actually has little relation with weakly compressible multiphase flows. More recently, DG has been 
incorporated into MPM [64,65] for impact problems in solid mechanics under a total Lagrangian framework, which is not suitable for 
fluid descriptions. Moreover, a critical issue of that method is that the volume integration performed at particles is not fully consistent 
with the surface integration at cell interfaces, which may restrict its application to problems with complex boundaries. Therefore, 
a more robust and accurate particle-grid DG method for fluid simulation is still needed. One may anticipate that a PG-DG method 
for weakly compressible flows with interfaces may offer attractive advantages in terms of accuracy, interface sharpness, and mass 
conservation owing to its combined particle-grid nature. However, extending DG-type formulations to free-surface and multiphase 
flows remains both challenging and largely unexplored.

In this work, we propose a particle-grid discontinuous Galerkin (PG-DG) method for weakly compressible free-surface and mul-
tiphase flows. Different sets of particles are used to represent different fluid phases, serving as both markers and carriers of field 
variables, while a background DG grid is employed to update the solution fields. Instead of solving an additional advection equation 
for the phase fraction, the phase fraction is computed directly from particles in neighboring cells, thereby avoiding the mass-dissipation 
issue associated with conventional treatments. To improve efficiency and robustness in the particle-to-grid (P2G) step, a phase-status-
based mapping strategy is introduced for newly occupied cells by taking advantage of the DG framework. In the grid-to-particle (G2P) 
step, the updated field values are transferred back to particles using DG test functions. Free-surface fluxes are constructed according 
to whether a neighboring cell is vacuum. For multiphase flows, the field variables of each phase are first updated separately within 
their respective phase domains. A post-mixing rule is then introduced to enforce consistent pressure and velocity fields across different 
phases. This treatment significantly reduces numerical dissipation near the interface compared with conventional diffuse-interface 
methods.

The remainder of this paper is organized as follows. Section 2 presents the governing equations for weakly compressible flow and 
the DG formulation. Section 3 introduces the particle-grid mapping procedures, the PG-DG discretization, the particle update strategy, 
and related particle treatments. Section 4 describes the flux construction for free-surface and multiphase interfaces, as well as the 
post-mixing rule. Section 5 summarizes the overall solution procedures. Section 6 presents a set of challenging numerical examples 
to validate the proposed method. Finally, concluding remarks are given.

2. Weakly compressible Navier–Stokes equations

2.1. Governing equations

When flow velocity is relatively low, fluid compressibility effects are weak, and thermal effects can thus be neglected. Under this 
assumption, the weakly compressible Navier–Stokes (NS) equations without the energy equation can be written in hyperbolic form 
as

𝜕𝐔
𝜕𝑡

+ ∇ ⋅ 𝐅(𝐔) = 𝐒, (1)

with

𝐔 =
(

𝜌
𝜌𝒗

)

, 𝐅(𝐔) =
(

𝜌𝒗T
𝜌𝒗𝒗T + 𝑝𝐈 − 𝝉

)

, 𝐒 =
(

0
𝜌𝒇

)

. (2)

where 𝜌, 𝒗, 𝑝 and 𝒇 denote the density, velocity, pressure and body force, respectively, and 𝐈 is the identity matrix. The viscous stress 
tensor 𝝉 is expressed as

𝝉 = 𝜇
(

∇𝒗 + ∇𝒗T
)

− 2
3
𝜇(∇ ⋅ 𝒗)𝐈, (3)

where 𝜇 is dynamic viscosity.
For low-speed flow, Tait’s equation in barotropic form is frequently employed as the equation of state (EOS) for a fluid [25,66], 

expressed as

𝑝 =
𝜌0𝑐2

𝛾

[(

𝜌
𝜌0

)𝛾
− 1

]

= 𝜌0𝑐
2
[

𝜖 +
𝛾 − 1
2

𝜖2 +…
]

, (4)

with 𝜖 = 𝜌−𝜌0
𝜌0
. Here, 𝜌0, 𝑐 and 𝛾 are reference density, artificial sound speed and a material-dependent scalar coefficient, respectively. 

In weakly compressible flow, the compressibility 𝜖 is usually less than 1% as long as the artificial sound speed satisfies
𝑐 ≥ 10max(𝑈max,

√

𝑝max∕𝜌0), (5)
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according to [25,26]. Here, 𝑈max and 𝑝max denote the maximum velocity and pressure in the fluid domain, respectively. Thus, under 
these flow conditions, the EOS may be simply linearized as

𝑝 = 𝑐2(𝜌 − 𝜌0), (6)

where the error is only (10−4) based on Eq. (5). This EOS is widely used in weakly compressible flow owing to its simplicity 
[25,26,60], and we adopt it for our experiments in the present study.

2.2. Discontinuous Galerkin method for weakly compressible flow

Given a Cartesian grid, we index a cell 𝑖 ∈  by (𝑖′, 𝑗′, 𝑘′), and resolutions in each direction are denoted by Δ𝑥, Δ𝑦 and Δ𝑧
(for problems in three spatial dimensions; for 2D problems, we drop 𝑘′ and Δ𝑧). Then a cell’s domain may be expressed as Ω𝑖 =
[𝑥𝑖′− 1

2
, 𝑥𝑖′+ 1

2
] × [𝑦𝑗′− 1

2
, 𝑦𝑗′+ 1

2
] × [𝑧𝑘′− 1

2
, 𝑧𝑘′+ 1

2
], and the cell volume and cell center are Δ𝑥Δ𝑦Δ𝑧 and 𝒙𝑐,𝑖 = [(𝑥𝑖′− 1

2
+ 𝑥𝑖′+ 1

2
)∕2, (𝑦𝑗′− 1

2
+

𝑦𝑗′+ 1
2
)∕2, (𝑧𝑘′− 1

2
+ 𝑧𝑘′+ 1

2
)∕2], respectively. Based on the hyperbolic form of the weakly compressible NS equations above, we apply the 

Galerkin method to Eq. (1) cell-wise, written as

∫Ω𝑖
𝛿𝐔T

[ 𝜕𝐔
𝜕𝑡

+ ∇ ⋅ 𝐅(𝐔) − 𝐒
]

𝑑𝑉 = 0. (7)

In the DG method, the test function space is chosen as ℎ =
{

Φ ∶ Φ ∈ ℙ1(Ω𝑖)
}

, where ℙ1(Ω𝑖) is linear polynomial space in the cell 
domain Ω𝑖. Then, for an arbitrary position 𝒙 in the cell, i.e., ∀𝒙 ∈ Ω𝑖, we use the relative position, 𝒙 − 𝒙𝑐 = (𝑥, 𝑦, 𝑧), and then the 
cell-wise field variable 𝐔ℎ is approximated as

𝐔ℎ = 𝐔(0) + 𝐔(1)𝑥 + 𝐔(2)𝑦 + 𝐔(3)𝑧 = [𝐔][𝚽]T = 𝐔(0) + [𝐔′][𝚽′]T, (8)

where

[𝐔] =
(

𝐔(0),𝐔(1),𝐔(2),𝐔(3)), [𝚽] = (1, 𝑥, 𝑦, 𝑧),

[𝐔′] =
(

𝐔(1),𝐔(2),𝐔(3)), [𝚽′] = (𝑥, 𝑦, 𝑧).
(9)

Applying Eq. (8) to Eq. (7) and using the variational principle, the equation corresponding to the 𝐼 th component of [𝐔] is derived as
𝜕𝐔(𝐽 )

𝜕𝑡 ∫Ω𝑖
Φ(𝐼)Φ(𝐽 )𝑑𝑉 = ∫Ω𝑖

𝐅∇Φ(𝐼)𝑑𝑉 − ∫𝜕Ω𝑖
𝐅Φ(𝐼)𝒏𝑑𝑆 + ∫Ω𝑖

𝐒Φ(𝐼)𝑑𝑉 , 𝐼 = 0, 1, 2, 3. (10)

This equation shows that the cell-averaged value 𝐔(0) and high-order values 𝐔(1,2,3) should be updated separately. Noting that the 
employed test function in ℎ space is orthogonal, we have ∫Ω𝑖 Φ

(𝐼)Φ(𝐽 )𝑑𝑉 =𝑀𝐼𝛿𝐼𝐽 , which makes the time advancement more efficient.

3. Field mapping between particles and grid

In the PG-DG method, particles serve as both markers and carriers of field variables. An overview of the method is illustrated 
in Fig. 1. Different fluid phases are represented by different sets of particles, as shown in Fig. 1(a). For example, the two particle 
sets are shown in red and blue in Fig. 1(b) and (c), respectively. In the present method, particle-to-grid mapping is unnecessary over 
all cells as long as their phase status remains unchanged. Here, a cell’s status is determined by whether the cell and its neighboring 
cells contain at least one fluid particle, which requires a grid-status identification procedure. When the cell status changes, the field 
variables in the corresponding cells are reconstructed from the particles through interpolation. The multiphase interface is treated 
using the phase fraction, as shown in Fig. 1(d). Details of these procedures are presented in the following sections.

3.1. Particle-to-grid mapping

3.1.1. Phase fraction determination
In the present work, we restrict our attention to structured Cartesian grids, with particles belonging to associated grid cells. Let 

be the set of particles, and each particle 𝑝 ∈  belong to exactly one cell via a mapping
𝜅 ∶  → .

Define the set of particles in cell 𝑖 as
𝑖 ∶= { 𝑝 ∈  ∣ 𝜅(𝑝) = 𝑖 }. (11)

In this way, the particles are visited very easily by searching neighbors of the corresponding cell. Unlike conventional PIC or MPM, 
the particle resolution Δ𝑥̄ (initial particle spacing) is set equal to the grid resolution, i.e., Δ𝑥̄ =

√

Δ𝑥Δ𝑦 or 3
√

Δ𝑥Δ𝑦Δ𝑧 for 2D or 3D, 
respectively. This approach greatly reduces the number of particles for a given resolution of the grid. In 2D cases, the cell neighbor 
set 𝑖 of a cell 𝑖 with index (𝑖′, 𝑗′) is shown in Fig. 2, which involves (𝑖′, 𝑗′) and one cell layer around the cell (𝑖′, 𝑗′). This principle is 
also used in the 3D scenario, but only the neighbors within radius 1.1Δ𝑥̄ of the target cell are used for compactness in 3D cases.
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Fig. 1. Particle-grid DG treatment of free-surface and multiphase flows. (a) Red and blue particles represent two different fluids in the background 
DG domain. (b) and (c) DG cells associated with phase 1 and phase 2, respectively. (d) Phase fraction in the interfacial region, indicated by color 
shading. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 2. Neighbor set 𝑖 of a cell 𝑖 with index (𝑖′, 𝑗′), where red and blue dots represent two different phases in the field. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.)

For a particle 𝑝, we define the function 𝜔(𝑝) = 𝜒 to probe the fluid phase 𝜒 . To calculate the phase fraction of cell 𝑖 for phase 𝜒 , 
𝛼𝑖,𝜒 , firstly we need to calculate 𝛼′𝑖,𝜒  defined by

𝛼′𝑖,𝜒 =
∑

𝜔(𝑝)=𝜒,𝑝∈𝑗 ,𝑗∈𝑖

𝑊
(

‖

‖

‖

𝒙𝑖𝑝
‖

‖

‖

, ℎ
)

, (12)

where 𝒙𝑖𝑝 = 𝒙𝑝 − 𝒙𝑝, which is also used in Eq. (21). Here, a window function such as 𝐶2 Wendland kernel function 𝑊 (𝑟, ℎ) [67] is 
used, written as

𝑊 (𝑟, ℎ) =

⎧

⎪

⎨

⎪

⎩

𝐶ℎ
(

1 − 𝑟
2ℎ

)4(
1 + 2𝑟

ℎ

)

, 𝑟
ℎ ≤ 2,

0, 𝑟
ℎ > 2,

(13)

where we choose ℎ = 1.6Δ𝑥̄. 𝐶ℎ = 7
4𝜋ℎ2  and 

21
16𝜋ℎ3  for 2D and 3D, respectively. In fact, any kind of kernel functions can be used because 

given 𝛼′𝑖,𝜒 , the phase fraction 𝛼𝑖,𝜒  can be normalized as

𝛼𝑖,𝜒 =
𝛼′𝑖,𝜒

∑𝐶
𝑘 𝛼

′
𝑖,𝑘

, (14)

where 𝐶 denotes the total number of phases in the computational domain.
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Remark 1. We can show that the present calculation of phase fractions is similar to the update based on the advection equation. In 
continuum space, the calculation of the phase fraction above is equivalent to

𝛼𝜒 (𝒙) =
∫Ω𝜒 (𝑡)𝑊 (𝒙′ − 𝒙)𝑑𝒙′

∫∑𝐶
𝜒 Ω𝜒 (𝑡)

𝑊 (𝒙′ − 𝒙)𝑑𝒙′
, (15)

where Ω𝜒 (𝑡) denotes the occupied domain of phase 𝜒 at time 𝑡. In a flow field without vacuum phase, ∫∑𝐶
𝜒 Ω𝜒 (𝑡)

𝑊 (𝒙′ − 𝒙)𝑑𝒙′, denoted 
as 𝑚0, should be constant in space because the neighboring domain is occupied. Then the gradient of 𝛼𝜒 (𝒙) is calculated as

∇𝛼𝜒 (𝒙) = − 1
𝑚0 ∫𝜕Ω𝜒 (𝑡)

𝑊 (𝒙′ − 𝒙)𝒏𝑑𝑆. (16)

On the other hand, the time derivative of 𝛼𝜒 (𝒙) can be calculated based on Eq. (15). After reorganization, it may be written as
𝜕𝛼𝜒
𝜕𝑡

= 1
𝑚0 ∫𝜕Ω𝜒 (𝑡)

𝑊 (𝒙′ − 𝒙)𝒗 ⋅ 𝒏𝑑𝑆 = 𝒗̄
𝑚0

⋅ ∫𝜕Ω𝜒 (𝑡)
𝑊 (𝒙′ − 𝒙)𝒏𝑑𝑆 = −𝒗̄ ⋅ ∇𝛼𝜒 (𝒙). (17)

Thus, rearranging, we obtain
𝜕𝛼𝜒
𝜕𝑡

+ 𝒗̄ ⋅ ∇𝛼𝜒 (𝒙) = 0. (18)

This result indicates that the present phase fraction is transported in a manner similar to that in VOF and level-set methods. Although 
its update resembles the solution of an advection equation, the proposed method has a clear advantage over conventional approaches: 
it does not suffer from mass loss, because fluid particles are not eliminated during the computation. In traditional interface-capturing 
methods, basic level-set formulations typically exhibit severe mass dissipation. By contrast, while VOF methods conserve mass, they 
often suffer from significant interface smearing as the simulation proceeds. In the present method, however, the thickness of the 
phase-fraction transition region remains unchanged and is always less than 3Δ𝑥̄ for the neighbor set 𝑖 shown in Fig. 2. 

3.1.2. Phase and fluid status
In the PG-DG method, mapping from particles to grid cells is not necessary for cells whose phase status, denoted with 𝑃𝑆, does 

not change for any phase. We define phase status as a binary variable determined by whether the cell or its neighbors contain at least 
one particle of a given phase. Specifically, for a cell 𝑖 with phase 𝜒 , if its phase fraction is nonzero, it is called activated, denoted as 
𝑃𝑆𝑖,𝜒 = 1, and otherwise it is 0, i.e.,

𝑃𝑆𝑖,𝜒 =

{

1, 𝛼′𝑖,𝜒 > 0,
0, 𝛼′𝑖,𝜒 = 0.

(19)

The fluid status, 𝐹𝑆, of a grid cell is a binary variable defined by whether the neighbors of the cell contain at least one particle, 
which is equivalent to determining if the sum of 𝛼′𝑖,𝜒  is non-zero, i.e.,

𝐹𝑆𝑖 =

{

1,
∑

𝜒 𝛼
′
𝑖,𝜒 > 0,

0,
∑

𝜒 𝛼
′
𝑖,𝜒 = 0.

(20)

When 𝐹𝑆 = 0, we label it a vacuum cell. This step is implemented already in the phase fraction determination step introduced in 
Section 3.1.1. The fluid status will be used to identify the surface particles.

3.1.3. Interpolation at activated cells
Unlike the traditional PIC method, which maps field values from particles to each cell, the present method only maps field values 

from particles to cells for cells 𝑖 with phase 𝜒 whose phase status changes from 0 to 1 between time steps, i.e., 𝑃𝑆𝑛𝑖,𝜒 = 0 ⇒ 𝑃𝑆𝑛+1𝑖,𝜒 = 1, 
where the superscript refers to the index of the time step. When the interpolation is invoked, the DG field values, 𝐔(𝐼)

𝑖,𝜒 , should be 
interpolated from the corresponding particles in the neighboring cells, written as

𝐔(𝐼)
𝑖,𝜒 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

∑

𝜔(𝑝)=𝜒,𝑝∈𝑗 ,𝑗∈𝑖

(

𝐔(0)
𝑝 + [𝐔′]𝑝[𝚽′]T𝑝𝑖

)

𝑊
(

‖

‖

‖

𝒙𝑖𝑝
‖

‖

‖

, ℎ
)

𝛼′𝑖,𝜒
, 𝐼 = 0,

∑

𝜔(𝑝)=𝜒,𝑝∈𝑗 ,𝑗∈𝑖
𝐔(𝐼)
𝑝 𝑊

(

‖

‖

‖

𝒙𝑖𝑝
‖

‖

‖

, ℎ
)

𝛼′𝑖,𝜒
, 𝐼 > 0.

(21)

where the high-order coefficients 𝐔(𝐼)
𝑝,𝜒  of particles are already inherited from the corresponding cells, which will be introduced in 

Section 3.3, and [𝚽′]𝑝𝑖 is calculated based on 𝒙𝑝𝑖. After this step, the field values 𝐔(𝐼)
𝑖,𝜒  at grid cells will be updated using the DG 

approach as introduced in the next section.
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Remark 2. The interpolation procedure described above accounts for higher-order terms through the DG test functions. The affine 
particle-in-cell (APIC) method [68], which is widely used in MPM, introduces an angular-momentum compensation term to interpolate 
the velocity at node 𝑖, i.e., 𝒗𝑖 = 𝒗𝑝 + ℂ𝑝

(

𝒙𝑖 − 𝒙𝑝
)

. This idea is also adopted in a related method known as Taylor particle-in-cell (TPIC) 
[69]. Such a treatment can significantly reduce kinetic-energy dissipation. In fact, the APIC term corresponds to 𝐔𝑝 + [𝐔′]𝑝[𝚽′]T𝑝𝑖 in 
Eq. (21) employed in the present study. This indicates that the present formulation provides a more general interpolation framework: 
APIC and TPIC can be viewed as first-central-moment corrections, whereas the present method can achieve higher-central-moment 
corrections when higher-order DG test functions are employed.

3.2. Field updates on the grid

Based on Eq. (10), the corresponding discretized form for phase 𝜒 can be written as

𝜕𝐔(𝐼)
𝑖,𝜒

𝜕𝑡
= 1
𝑀𝐼𝑖

[ 𝐺1
∑

𝑠

(

𝐅𝑖𝑠,𝜒∇Φ
(𝐼)
𝑖𝑠 + 𝐒𝑖𝑠,𝜒Φ

(𝐼)
𝑖𝑠

)

𝑤𝑠𝑉𝑖 −
𝑁𝑖
∑

𝑗

𝐺2
∑

𝑡
𝐅̂𝑖𝑗𝑡,𝜒Φ

(𝐼)
𝑖𝑗𝑡 ⋅ 𝒏𝑗𝑆𝑗𝑤𝑡

]

, 𝐼 = 0, 1, 2, 3. (22)

Here, 𝐺1 and 𝐺2 denote the number of Gaussian quadrature points on the cell volume Ω𝑖 and on the cell interface connecting with 
cell 𝑗, respectively. 𝑁𝑖 denotes the number of face-adjacent neighbors of cell 𝑖, and is 4 and 6 in 2D and 3D for the Cartesian grid, 
respectively. We remark that the Gaussian integral is easy to implement for a structured Cartesian grid. For the viscous term, the 
gradient ∇𝒗 required in the viscosity flux of Eq. (3) is estimated using a second-order central difference approximation.

On the right-hand side of Eq. (22), the first term involves computing a cell-wise volume integral, which is performed using 
Gaussian quadrature points 𝑠 (weight 𝑤𝑠), which is similar to CG. For the second term, the flux on cell interface 𝑖𝑗 is estimated on 
the Gaussian quadrature point 𝑡 (weight 𝑤𝑡). In advection-dominated problems, a proper Riemann solver is supposed to enhance 
numerical stability, and by using a Riemann solver, the flux can be expressed as

𝐅̂𝑖𝑗𝑡,𝜒 = 1
2
(

𝐅𝑖𝑡,𝜒 + 𝐅𝑗𝑡,𝜒
)

− 1
2
𝐀𝑖𝑗𝑡,𝜒

(

𝐔𝑗𝑡,𝜒 − 𝐔𝑖𝑡,𝜒
)

, (23)

with the diagonal matrix 𝐀𝑖𝑗𝑡,𝜒  in 3D space as

𝐀𝑖𝑗𝑡,𝜒 = ⟍(𝑐𝑖𝑗𝑡,𝜒 , 𝑎̃𝑖𝑗𝑡,𝜒 , 𝑎̃𝑖𝑗𝑡,𝜒 , 𝑎̃𝑖𝑗𝑡,𝜒 ). (24)

Here, the diagonal entries are chosen as

𝑐𝑖𝑗𝑡,𝜒 = 𝜉𝑖𝑗,𝜒
𝑐𝑖𝑡 + 𝑐𝑗𝑡

2
,

𝑎̃𝑖𝑗𝑡,𝜒 = 𝜉𝑖𝑗,𝜒 max
(

|

|

|

𝒗𝑖𝑡,𝜒 ⋅ 𝒏𝑗
|

|

|

, ||
|

𝒗𝑗𝑡,𝜒 ⋅ 𝒏𝑗
|

|

|

)

,

𝜉𝑖𝑗,𝜒 =
𝛼𝑖,𝜒 + 𝛼𝑗,𝜒

2𝛼𝑖,𝜒
,

(25)

where 𝑐 is provided by Eq. (53) in Section 4.2. The low-speed Riemann solver above leverages a local velocity norm for 𝑎̃𝑖𝑗𝑡,𝜒  that is 
far less than the artificial sound speed; unlike the magnitude of sound speed used in strongly compressible flow, this smaller value 
can significantly reduce excessive kinetic dissipation [70].

Eq. (22) usually leads to numerical instability without a proper limiter, particularly in cases with complex interfaces. In Cockburn’s 
work [54], a total variation bounded limiter is used to suppress instability. In this work, the B-J limiter [71] is used to enhance 
numerical stability. Integrating it into DG, each component 𝑈̃𝑖 of the limited field 𝐔̃𝑖 is expressed as

𝑈̃𝑖,𝜒 = 𝑈 (0)
𝑖,𝜒 + 𝜓𝑖,𝜒 [𝑈 ′]𝑖,𝜒 [𝚽′]T, (26)

with 𝜓 standing for the flux limiter, and it should satisfy

𝑈 (0),min
𝑖,𝜒 ≤ 𝑈̃𝑖,𝜒 ≤ 𝑈 (0),max

𝑖,𝜒 , (27)

where 𝑈 (0),max
𝑖,𝜒 = max

𝑗∈𝑁𝑖
𝑈 (0)
𝑗,𝜒  and 𝑈

(0),min
𝑖,𝜒 = min

𝑗∈𝑁𝑖
𝑈 (0)
𝑗,𝜒 . Then the limiter 𝜓𝑖,𝜒 = min

𝑗∈𝑁𝑖
𝜓𝑖𝑗,𝜒  for phase 𝜒 can be calculated, with 𝜓𝑖𝑗,𝜒  estimated 

on the cell centers, written as

𝜓𝑖𝑗,𝜒 =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

min
⎛

⎜

⎜

⎝

1,
𝑈 (0),max
𝑖,𝜒 − 𝑈 (0)

𝑖,𝜒

[𝑈 ′]𝑖,𝜒 [𝚽′]T𝑖𝑗

⎞

⎟

⎟

⎠

, [𝑈 ′]𝑖,𝜒 [𝚽′]T𝑖𝑗 > 0,

min
⎛

⎜

⎜

⎝

1,
𝑈 (0),min
𝑖,𝜒 − 𝑈 (0)

𝑖,𝜒

[𝑈 ′]𝑖,𝜒 [𝚽′]T𝑖𝑗

⎞

⎟

⎟

⎠

, [𝑈 ′]𝑖,𝜒 [𝚽′]T𝑖𝑗 < 0,

1, [𝑈 ′]𝑖,𝜒 [𝚽′]T𝑖𝑗 = 0.

(28)
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Regarding time integration, we leverage the second-order TVD Runge-Kutta scheme [72], where the high-order terms are enhanced 
with the limiter in two sub-time steps, expressed as

𝐔(𝐼),𝑛+1,∗
𝑖,𝜒 = 𝜓 (𝐼)

𝑖,𝜒𝐔
(𝐼),𝑛
𝑖,𝜒 + 𝜓 (𝐼)

𝑖,𝜒

⎛

⎜

⎜

⎝

𝜕𝐔(𝐼)
𝑖,𝜒

𝜕𝑡

⎞

⎟

⎟

⎠

𝑛

Δ𝑡,

𝐔(𝐼),𝑛+1
𝑖,𝜒 = 1

2
𝐔(𝐼),𝑛
𝑖,𝜒 + 1

2
𝜓 (𝐼)
𝑖,𝜒𝐔

(𝐼),𝑛+1,∗
𝑖,𝜒 + 1

2
𝜓 (𝐼)
𝑖,𝜒

⎛

⎜

⎜

⎝

𝜕𝐔(𝐼)
𝑖,𝜒

𝜕𝑡

⎞

⎟

⎟

⎠

𝑛+1,∗

Δ𝑡,

(29)

where

𝜓 (𝐼)
𝑖,𝜒 =

{

1, 𝐼 = 0,
𝜓𝑖,𝜒 , 𝐼 > 0.

(30)

Here, 𝜓 (𝐼)
𝑖,𝜒  is equal to 1 in most regions, since the field values are generally smooth in weakly compressible flows. Therefore, the term 

𝜓 (𝐼)
𝑖,𝜒𝐔

(𝐼),𝑛
𝑖,𝜒  is not excessively smeared. At the same time, this treatment helps to ensure high robustness in complex flows.

The time step can be determined using
Δ𝑡 = min(Δ𝑡1,Δ𝑡2),

Δ𝑡1 = CFL ⋅
Δ𝑥

max (𝑐1,… , 𝑐𝐶 ) + |𝒗|max
, Δ𝑡2 = 0.1

√

Δ𝑥
|𝒂|max

,
(31)

where |𝒂|max is the maximum acceleration in the computational domain. DG typically requires CFL < 1∕(1 + 2𝑝′), with 𝑝′ the highest 
polynomial order of DG test functions. After the grid update, the post-mixing rule will be implemented in the interface areas to ensure 
consistency of pressure and velocity fields, which will be introduced in Section 4.2.

Remark 3. In this method, a CFL number of 0.3 is found to be robust for most cases, although a smaller value may be required for 
multiphase flows with a large density ratio. In addition, in the context of weakly compressible flow, the artificial sound speed ratio 
between different phases, 𝑐1∕𝑐2, is generally expected to satisfy a certain, albeit approximate, relation, especially when the density 
ratio is large [26,73]. In [74], however, it was reported that this relation can be relaxed even for large density ratios while still 
yielding satisfactory results in practice. A more detailed investigation of the effects of the density ratio and sound speed ratio on the 
CFL number was reported in [75]. It was shown that, when the density ratio is large, the CFL number should be reduced to maintain 
numerical stability. Moreover, for a fixed density ratio, an increase in the sound speed ratio requires a corresponding decrease in the 
CFL number.

In this work, CFL=0.3 is chosen for cases with low density ratios 𝜌0,1∕𝜌0,2 < 10, and for large density ratios, 𝜌0,1∕𝜌0,2 > 1000, 
CFL=0.15 is used in this paper. In order to ensure robustness, CFL=0.15 is also recommended for 10 < 𝜌0,1∕𝜌0,2 < 1000. For more 
detailed prescription of the CFL number selection for weakly compressible flows, the readers are referred to [75].

3.3. Grid-to-particle mapping and field update of particles

The field values of particles are interpolated cell-wise at the beginning of each time step, i.e.,
𝐔(0),𝑛
𝑝 = 𝐔(0),𝑛

𝑖,𝜒 + [𝐔′]𝑛𝑖,𝜒 [𝚽
′]T𝑖𝑝,  for 𝜔(𝑝) = 𝜒, (32)

where the relation between 𝑖 and 𝑝 is expressed in the mapping in Eq. (11). This interpolation is used to provide an initial field value 
at the beginning of the time step, after which the field value is updated as follows.

In accordance with the second-order TVD Runge-Kutta scheme used in the grid domain, the same time integration is adopted for 
the particle update, and two sub-time steps are involved. In the first sub-time step, for particle 𝑝 with phase 𝜒 , 𝜔(𝑝) = 𝜒 , the field 
values are given by

𝐔(0),𝑛+1,∗
𝑝 = 𝐔(0),𝑛

𝑝 +
( 𝜕𝐔𝑝
𝜕𝑡

)𝑛

Δ𝑡,

𝐔(𝐼),𝑛+1,∗
𝑝 = 𝐔(𝐼),𝑛+1,∗

𝑖,𝜒 , 𝐼 > 0,

𝒙𝑛+1,∗𝑝 = 𝒙𝑛𝑝 +𝒘𝑛
𝑝Δ𝑡,

(33)

and in the second sub-time step,

𝐔(0),𝑛+1
𝑝 = 1

2
𝐔(0),𝑛
𝑝 + 1

2
𝐔(0),𝑛+1,∗
𝑝 + 1

2

( 𝜕𝐔𝑝
𝜕𝑡

)𝑛+1,∗

Δ𝑡,

𝐔(𝐼),𝑛+1
𝑝 = 𝐔(𝐼),𝑛+1

𝑖,𝜒 , 𝐼 > 0,

𝒙𝑛+1𝑝 = 1
2
𝒙𝑛𝑝 +

1
2
𝒙𝑛+1,∗𝑝 + 1

2
𝒘𝑛+1,∗
𝑝 Δ𝑡,

(34)
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Fig. 3. Neighboring particles of a fluid particle 𝑝 include fluid particles and boundary particles as well.

where for each component 𝑈𝑝,𝜒  of 𝐔𝑝,𝜒 , its time derivative is calculated as

𝜕𝑈𝑝
𝜕𝑡

=
∑

𝐼
𝜓 (𝐼)
𝑖,𝜒

⎛

⎜

⎜

⎝

𝜕𝑈 (𝐼)
𝑖,𝜒

𝜕𝑡

⎞

⎟

⎟

⎠

Φ(𝐼)
𝑖𝑝 + ∇𝑈𝑖,𝜒 ⋅𝒘𝑝. (35)

The second term on the right-hand side takes into account the ALE feature of particles, because the grid is in an Eulerian description but 
the particle moves according to the transport velocity, 𝒘𝑝, in this equation. The calculation of 𝒘𝑝 will be introduced in Section 3.4.3.

3.4. Other issues related to particles

3.4.1. Identification of surface particles
The identification of surface particles has recently been investigated in many studies using various approaches [76–79]. In the 

present method, however, the identification of surface particles is relatively straightforward. It is only necessary to determine whether 
a non-vacuum cell is adjacent to a vacuum cell. We use 𝑆𝐼 ′𝑖 = 1 to mark such cells, which can be expressed mathematically as

𝑆𝐼 ′𝑖 =
{

𝐹𝑆𝑖 = 1 and ∃ 𝑗 ∈ 𝑖 s.t. 𝐹𝑆𝑗 = 0
}

. (36)

This procedure is already determined when a cell interacts with its neighbors when calculating the interfacial fluxes. Then for a 
particle 𝑝 belonging to surface cell 𝑆𝐼 ′𝑖 = 1, the particle 𝑝 is marked as surface particle 𝑆𝐼 ′𝑝 = 1, expressed as

𝑆𝐼 ′𝑝 =
{

𝜅(𝑝) = 𝑖 and 𝑆𝐼 ′𝑖 = 1
}

. (37)

The identification of surface particles plays an important role in the uniform distribution of particles, which will be introduced in 
Section 3.4.3.

3.4.2. Wall non-penetration
As shown in Fig. 3, when a particle 𝑝 approaches the domain boundary, it may penetrate the boundary. This phenomenon arises 

because the flow near the boundary is usually not well-resolved when coarse grids and large time steps are used. To avoid this artificial 
behavior, a wall non-penetration strategy is adopted.

In Fig. 3, boundary particles are deployed at the face centers of boundary elements. For a particle 𝑝, it is easy to find the corre-
sponding cell 𝑖, i.e., 𝜅(𝑝) = 𝑖. Then, for all boundary interfaces 𝑏 in cell 𝑖, the non-penetration velocity shifting can be summed over 𝑏
whose normal distance to 𝑝 is less than 0.4Δ𝑥̄,

𝛿𝒗(np)𝑝 = Δ𝑡
2

∑

𝑏

𝜀𝑐2𝑝
𝒙𝑝𝑏 ⋅ 𝒏𝑏

𝒏𝑏, for ||
|

𝒙𝑝𝑏 ⋅ 𝒏𝑏
|

|

|

< 0.4Δ𝑥̄. (38)

In this equation, 𝒏𝑏 is the normal direction pointing outward, and 𝜀 is a coefficient selected as 𝜀 = 0.01.

3.4.3. Particle distribution
Among many ways to render particle distributions uniform, the kernel function-based particle shifting technique (PST) is an easy 

and effective choice widely used in the SPH method. This approach needs to build a neighbor set 𝔑𝑝 of a particle 𝑝, and it is defined 
as

𝔑𝑝 =
{

𝑠 ∈  ∣ ‖‖
‖

𝒙𝑝𝑠
‖

‖

‖

< 3.2Δ𝑥̄
}

. (39)
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The neighbor set can be constructed very easily by searching in surrounding cells using 𝜅(𝑝) = 𝑖. As shown in Fig. 3, when the particle 
is adjacent to the boundary, the neighbor set includes fluid and boundary particles. Considering the two kinds of particles, the shifted 
velocity generated by its neighboring particles is expressed as

𝛿𝒗′𝑝 = −Δ𝑡𝑐2
2

[

∑

𝑠

(

1 + 0.24
𝑝𝑠

)

∇𝑊𝑝𝑠𝑉𝑠 +
∑

𝑏

(

1 + 0.24
𝑝𝑏

)

𝑊𝑝𝑏𝒏𝑏𝑆𝑏

]

, (40)

where 𝑝𝑠 = 𝑊
(

‖

‖

‖

𝒙𝑝𝑠
‖

‖

‖

, ℎ
)

∕𝑊 (Δ𝑥̄, ℎ), and 𝑐 denotes the arithmetic mean of the artificial sound speeds of all phases. In this step, the 
neighbors of surface particles, marked with 𝑆𝐼𝑝, can be identified using

𝑆𝐼𝑝 =
{

∃ 𝑠 ∈ 𝔑𝑝 s.t. 𝑆𝐼 ′𝑠 = 1
}

, (41)

and 𝑆𝐼𝑝 = 1 denotes that a particle is within the kernel radius of a surface particle. This step is similar to the method proposed in 
[76], and it ensures that particles with insufficient kernel support are not shifted.

The amplitude of shifting is limited using

𝛿𝒗(pst)𝑝 = 𝛿𝒗′𝑝min
(

‖

‖

‖

𝛿𝒗′𝑝
‖

‖

‖

, Δ𝑥̄
10Δ𝑡

)

∕‖‖
‖

𝛿𝒗′𝑝
‖

‖

‖

. (42)

In immiscible flow, the interface should be sharp between different phases to prevent spurious mixing. Numerically, there are usually 
penetrations into the opposite phase. Similar to the method in [80], the shifting induced by different phases is written as

𝛿𝒗′′𝑝 = −Δ𝑡𝑐2
20

∑

𝑠′
∇𝑊

(

‖

‖

‖

𝒙𝑝𝑠′
‖

‖

‖

, ℎ
)

𝑉𝑠′ , (43)

where 𝑠′ denotes the particles of the different phase, and then the shifting is limited by

𝛿𝒗(s)𝑝 = 𝛿𝒗′′𝑝 min
(

‖

‖

‖

𝛿𝒗′′𝑝
‖

‖

‖

, Δ𝑥̄
10Δ𝑡

)

∕‖‖
‖

𝛿𝒗′′𝑝
‖

‖

‖

, (44)

Finally, combining Eqs. (38), (42) and (44), the shifted velocity 𝛿𝒗𝑝 is calculated according to 𝑆𝐼𝑝 as

𝛿𝒗𝑝 =

{

𝛿𝒗(np)𝑝 + 𝛿𝒗(pst)𝑝 + 𝛿𝒗(s)𝑝 , 𝑆𝐼𝑝 = 0,
𝛿𝒗(np)𝑝 , 𝑆𝐼𝑝 = 1.

(45)

After this, the shifted velocity should be added to the real velocity, giving
𝒘𝑝 = 𝒗𝑝 + 𝛿𝒗𝑝. (46)

This is called the transport velocity and is used in the G2P step in Eqs. (33) and (34).

4. Interface treatment for free-surface and multiphase flows

4.1. Fluxes on free surface and multiphase interface

A typical scenario covering the free surface and multiphase interface is illustrated in Fig. 4(a). For example, the cell 𝑖 lies in the 
mixing area of the two phases, and for cell 𝑖, the statuses for the two phases are both activated, i.e., 𝑃𝑆𝑖,1 = 𝑃𝑆𝑖,2 = 1. If we focus 
on phase 1, then we can observe that cell 𝑖 neighbors with a vacuum cell 𝑗 and a cell 𝑘 of different phase. To derive 𝐅̂𝑖𝑗𝑡,𝜒  and 𝐅̂𝑖𝑘𝑡,𝜒
on the free surface or multiphase interface as shown in Fig. 4(b), one should obtain 𝐅𝑗𝑡,𝜒 (𝜌𝑗𝑡,𝜒 , 𝒗𝑗𝑡,𝜒 ) and 𝐅𝑘𝑡,𝜒 (𝜌𝑘𝑡,𝜒 , 𝒗𝑘𝑡,𝜒 ) according 
to Eq. (23). For the 𝑖𝑗 interface, which links cell 𝑖 with a vacuum cell 𝑗, the required field values (𝜌𝑗𝑡,𝜒 , 𝒗𝑗𝑡,𝜒 ) on the interfaces at the 
Gaussian point 𝑡 should be

𝜌𝑗𝑡,𝜒 = 𝜌0,𝜒 , 𝒗𝑗𝑡,𝜒 = 𝒗𝑖𝑡,𝜒 , (47)

which imposes a zero-pressure state on the vacuum side of the interface.
For the 𝑖𝑘 interface, as shown in Fig. 4(b), if we focus on phase 1, cell 𝑖 links with a cell 𝑘 of phase 2. The flux is constructed under 

the assumption that pressure and velocity field should be shared within the same cell for different phases. For example, for cell 𝑖 of 
phase 1, the field values (𝜌𝑘𝑡,1, 𝒗𝑘𝑡,1) on the interface 𝑖𝑘 linking its neighbor 𝑘 of different phase 2, should be estimated based on the 
field values (𝜌𝑘𝑡,2, 𝒗𝑘𝑡,2) of cell 𝑘 of phase 2, expressed as

𝜌𝑘𝑡,1 = 𝑝𝑘𝑡,2∕𝑐21 + 𝜌0,1, 𝒗𝑘𝑡,1 = 𝒗𝑘𝑡,2, (48)

where

𝑝𝑘𝑡,2 = 𝑐22 (𝜌𝑘𝑡,2 − 𝜌0,2). (49)

Then, (𝜌𝑘𝑡,1, 𝒗𝑘𝑡,1) is used to construct 𝐅̂𝑖𝑘𝑡,1, and the DG field values for phase 1 can be updated correspondingly thereafter.
Remark 4.  We do not directly use the field values of phase 2 to construct the fluxes for 𝐅̂𝑖𝑘𝑡,𝜒 , although this is feasible in the VOF 
method. First, in the PG-DG method, the phase fraction is computed directly from the particle distribution, which implies that the field 
values should remain consistent with the phase fraction. If the VOF method is used for physical evolution, inconsistencies may arise 
between the field values and the phase fraction, which may further lead to numerical blow-up. Second, in VOF-based DG methods, 
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Fig. 4. Fluxes on the free surface and multiphase interfaces: cell 𝑖 has a vacuum cell neighbor 𝑗 and a cell neighbor 𝑘 of different phase. Eqs. (47) 
and (48) describe appropriate flux calculations for these interfaces.

Fig. 5. Taylor-Green Vortex: 𝐿2 error versus simulation resolution Δ𝑥̄ for 𝑅𝑒 = 100 and 1000.

Fig. 6. Schematic of oscillating droplet and dimensions.

the higher-order terms of 𝛼𝜌 or 𝜌̄𝒗 become extremely steep near the interface, which may threaten numerical stability, especially in 
multiphase flows with a large density ratio. Although strong stabilization can be applied in this region, it tends to smear the interface 
progressively and thus degrades the sharpness of the solution. In contrast, the present method updates different phases separately 
and, in fact, behaves more like a sharp-interface method in the evolution of the field values across the multiphase interface. Although 
a post-mixing treatment is required in the subsequent step, the low-dissipation property is still preserved. 

4.2. Post-mixing rule for DG field values

In the PG-DG method, different phases update their DG field values separately, and the multiple field values in the interfacial region 
are treated after the separate updates. Since more than one phase may be present in the computational domain, a cell can contain 
multiple field values at each time step. Therefore, the DG field values 𝐔(𝐼)

𝜒  of different phases should be treated to ensure consistency 
after each time integration step on the grid. In this study, a post-mixing rule is proposed for weakly compressible multiphase flows. 
As the name suggests, the mixing procedure is applied after the field values of each fluid phase have been updated separately.
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Fig. 7. Oscillating droplet: droplet deformations at different times simulated using resolution Δ𝑥̄ = 1∕80, where contour indicates pressure and red 
dashed lines represent the theoretical shapes derived using the theory in [82]. (For interpretation of the references to colour in this figure legend, 
the reader is referred to the web version of this article.)

Fig. 8. Oscillating droplet: (a) semi-axis length in 𝑥 direction versus time with Δ𝑥̄ = 1∕80; (b) semi-axis length recorded using various resolutions. 
The theoretical solutions are referred to [82].

Fig. 9. Oscillating droplet: 𝐿2 error versus simulation resolution Δ𝑥̄ for two different orders of the present method.

4.2.1. Mixing of 𝐔(0)
𝜒

The zeroth-order values of DG field value 𝐔(0)
𝜒 , i.e., density and momentum, play a key role in the fluid field update, and they 

should be treated with care. The post-mixing rule is similar to the VOF approach, where the pressure and velocity fields should be 
shared in the mixing area. It is worth noting that the mixing is a “post” implementation after the field value update, and it thereby 
avoids excessive dissipation, which is a key drawback of the conventional VOF. The key idea of the post-mixing rule is that the 
pressure and velocity field values should be shared within one cell. Based on this idea, if we only consider two phases in the field, 
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Fig. 10. Schematic of Rayleigh-Taylor instability and dimensions.

Fig. 11. Rayleigh-Taylor instability: snapshots at (a) 𝑡 = 1, (b) 𝑡 = 3 and (c) 𝑡 = 5 simulated using resolution Δ𝑥̄ = 1∕80, where at 𝑡 = 5, the results 
simulated using level-set (dotted line) and SPH (dashed line) methods are referred for comparison [80]. 

the modified density 𝜌̂𝜒  of phase 𝜒 after mixing should satisfy

𝑝 = 𝑐21 (𝜌̂
(0)
1 − 𝜌0,1) = 𝑐22 (𝜌̂

(0)
2 − 𝜌0,2) = 𝑐2(𝜌̄(0) − 𝜌̄0), (50)

to share one pressure field value, where
𝜌̄(0) = 𝛼1𝜌

(0)
1 + 𝛼2𝜌

(0)
2 ,

𝜌̄0 = 𝛼1𝜌0,1 + 𝛼2𝜌0,2.
(51)

Note that mass conservation should be ensured after the mixing. Then we have
𝛼1𝜌̂

(0)
1 + 𝛼2𝜌̂

(0)
2 = 𝜌̄(0). (52)

Then the mixed sound speed 𝑐 satisfies
1
𝑐2

=
𝛼1
𝑐21

+
𝛼2
𝑐22
. (53)

Based on the equations above, the pressure in the mixing area can be derived.
Likewise, the averaged momentum 𝜌𝒗(0) and velocity 𝒗̄(0) can be estimated using phase fraction as

𝜌𝒗(0) = 𝛼1(𝜌𝒗)
(0)
1 + 𝛼2(𝜌𝒗)

(0)
2 , 𝒗̄(0) = 𝜌𝒗(0)∕𝜌̄(0), (54)

and based on the average values, the treated momentum (̂𝜌𝒗)𝜒  of phase 𝜒 after the mixing can be constructed as

(̂𝜌𝒗)
(0)
1 = 𝜌̂(0)1 𝒗̄(0), (̂𝜌𝒗)

(0)
2 = 𝜌̂(0)2 𝒗̄(0). (55)
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Fig. 12. Rayleigh-Taylor instability: snapshots at 𝑡 = 5 simulated (a)∼(e) using various resolutions, and (f) comparison among three results. 

It is easy to show that the averaged values of conservative field values remain the same in the mixing area, i.e.,

𝛼1(𝜌𝒗)
(0)
1 + 𝛼2(𝜌𝒗)

(0)
2 = 𝛼1 (̂𝜌𝒗)

(0)
1 + 𝛼2 (̂𝜌𝒗)

(0)
2 ,

𝛼1𝜌
(0)
1 + 𝛼2𝜌

(0)
2 = 𝛼1𝜌̂

(0)
1 + 𝛼2𝜌̂

(0)
2 .

(56)

4.2.2. Mixing of 𝐔(𝐼)
𝜒 , 𝐼 > 0

For the high-order terms of 𝐔(𝐼)
𝜒 , the corresponding averaged field values can be estimated using phase fraction as

𝜌̄(𝐼) = 𝛼1𝜌
(𝐼)
1 + 𝛼2𝜌

(𝐼)
2 , 𝐼 = 1, 2, 3,

𝜌𝒗(𝐼) = 𝛼1(𝜌𝒗)
(𝐼)
1 + 𝛼2(𝜌𝒗)

(𝐼)
2 , 𝐼 = 1, 2, 3,

(57)

Considering that the pressure in a cell is shared by different materials, for an arbitrary position 𝑑𝒙 in the cell, we should have

𝑐21
(

𝜌̂(𝐼)1 𝑑𝑥𝐼 + 𝜌̂
(0)
1 − 𝜌0,1

)

= 𝑐22
(

𝜌̂(𝐼)2 𝑑𝑥𝐼 + 𝜌̂
(0)
2 − 𝜌0,2

)

= 𝑐2
(

𝜌̄(𝐼)𝑑𝑥𝐼 + 𝜌̄(0) − 𝜌̄0
)

, sum over 𝐼. (58)

Noting Eq. (50), the above leads to

𝑐21 𝜌̂
(𝐼)
1 𝑑𝑥𝐼 = 𝑐22 𝜌̂

(𝐼)
2 𝑑𝑥𝐼 = 𝑐2𝜌̄(𝐼)𝑑𝑥𝐼 . (59)

Considering that 𝑑𝑥𝐼  is arbitrary, we may conclude that

𝑐21 𝜌̂
(𝐼)
1 = 𝑐22 𝜌̂

(𝐼)
2 = 𝑐2𝜌̄(𝐼), (60)

and then the treated 𝜌̂(𝐼)𝜒  is derived for phase 𝜒 , i.e., 𝜌̂(𝐼)𝜒 = 𝑐2𝜌̄(𝐼)∕𝑐2𝜒 .
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Fig. 13. Rayleigh-Taylor instability: (a) maximum height 𝑦max of the light fluid versus time, simulated using various resolutions and comparison to 
Layzer theory [82,86]; (b) the total mass 𝑀𝑇  relative to the initial mass 𝑀0 of the light phase in the particle and grid domains, simulated using 
Δ𝑥̄ = 1∕100.

Fig. 14. Schematic of dry dam-break and dimensions.

Fig. 15. Dry dam-break (single phase): snapshots simulated with resolution Δ𝑥̄ = 𝐻∕50, where the pressure field is indicated with contour.

As for the momentum, the averaged momentum should be 𝜌𝒗(0) + 𝜌𝒗(𝐼)𝑑𝑥𝐼  at an arbitrary position 𝑑𝒙 in the cell. For 𝜌𝒗(𝐼), based 
on the assumption that the velocity is shared within the grid cell and 𝜕𝜌𝒗𝜕𝑥𝐼

= 𝜌 𝜕𝒗
𝜕𝑥𝐼

+ 𝒗 𝜕𝜌
𝜕𝑥𝐼

 in the 𝐼 direction, we have

𝜌𝒗(𝐼) = 𝜌̄(0)𝒗̄(𝐼) + 𝜌̄(𝐼)𝒗̄(0). (61)
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Fig. 16. Dry dam-break (single phase): detected surface and interior particles marked in red and blue, respectively, at 𝑡∗ = 7.12. (For interpretation 
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 17. Dry dam-break (single phase): (a) water front and (b) pressure measured at P1 versus 𝑡∗.

Then it is easy to have

𝒗̄(𝐼) =
(

𝜌𝒗(𝐼) − 𝜌̄(𝐼)𝒗̄(0)
)

∕𝜌̄(0). (62)

Given 𝒗̄(𝐼) and 𝜌(𝐼)𝜒 , the high-order DG field values 𝜌𝒗(𝐼) can be reconstructed as

(𝜌𝒗)(𝐼)1 = 𝜌̂(0)1 𝒗̄(𝐼) + 𝜌̂(𝐼)1 𝒗̄(0), (𝜌𝒗)(𝐼)2 = 𝜌̂(0)2 𝒗̄(𝐼) + 𝜌̂(𝐼)2 𝒗̄(0). (63)

After the treatments of 𝐔(𝐼)
𝜒 , two phases share the same velocity and pressure in the test function space.

Remark 5. The so-called uniform-pressure–velocity (UPV) criterion [60,81] states that uniform pressure and velocity fields in the 
interface region should be maintained in time integrations. The criterion can be written as

if 𝑝𝑛𝑖 = 𝑝0 and 𝒗𝑛𝑖 = 𝒗0, then 𝑝𝑛+1𝑖 = 𝑝0 and 𝒗𝑛+1𝑖 = 𝒗0. (64)

This is an important criterion for preventing artificial oscillations across the phase interface. Given uniform pressure and velocity 
fields, it follows from Eqs. (22) and (48) that the flux terms on the right-hand side of Eq. (22) cancel themselves, and these zero 
values are preserved after the post-mixing treatment. This demonstrates that the proposed post-mixing treatment in PG-DG inherently 
satisfies the UPV property, since the two phases are treated separately. 

5. Summary of solution procedure

To clearly present the solution procedure of our proposed PG-DG method, the implementation of a single sub-time step is sum-
marized as follows:

(1) Determine the phase fraction 𝛼𝑖,𝜒  for different phases [Eq. (14)].
(2) Determine the phase status 𝑃𝑆𝑖,𝜒  and fluid status 𝐹𝑆𝑖 based on the phase fraction [Eqs.  (19) and (20)].
(3) P2G: Map the DG field values carried by particles to the grid [Eq. (21)] according to the 𝑃𝑆𝑖,𝜒 , only in the first sub-time step.
(4) G2P: Map the DG field values on the grid back to particles [Eq. (32)], only in the first sub-time step.
(5) Compute the limiter 𝜓𝑖,𝜒  [Eq. (28)] and the flux 𝐅̂𝑖𝑗𝑡,𝜒  on the grid [Eqs. (23, 47, 48)].
(6) Update the grid field values using Runge–Kutta time integration [Eq. (29)].
(7) Apply the post-mixing rule to the DG field values 𝐔(𝐼)

𝑖,𝜒  of different phases [Eqs. (50 ∼ 63)].
(8) Update the particle field values [Eqs. (33, 34)], including the particle redistribution treatment associated with 𝒘𝑝 [Eq. (45)].
The procedures above are repeated in a loop every time step until the final time is reached.
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Fig. 18. Dry dam-break (multiphase): snapshots simulated using Δ𝑥̄ = 𝐻∕40 at different times, where phase (left), pressure (middle) and velocity 
(right) are displayed.

6. Numerical examples

6.1. Convergence order tests

6.1.1. Taylor-Green vortex
The Taylor–Green vortex is a standard benchmark case for assessing the accuracy of numerical methods. Firstly, we check the 

accuracy of the PG-DG scheme without any free surfaces or multiphase interfaces, and under this circumstance, PG-DG actually 
reduces to DG. In a square with edge 𝐿 = 1, the initial velocity field is 𝑣0𝑥 = −𝑈 cos(2𝜋𝑥) sin(2𝜋𝑦) and 𝑣0𝑦 = 𝑈 sin(2𝜋𝑥) cos(2𝜋𝑦). Two 
Reynolds numbers 𝑅𝑒 = 𝜌𝑈𝐿∕𝜇 are chosen in this test, i.e., 100 and 1000. For simplicity, we select 𝑈 = 1 and 𝜌 = 1. All boundaries 
of the square are set as periodic. Then the analytical solution of the velocity fields is

𝑣𝑥 = −𝑈𝑒𝜁𝑡 cos(2𝜋𝑥) sin(2𝜋𝑦),

𝑣𝑦 = 𝑈𝑒𝜁𝑡 sin(2𝜋𝑥) cos(2𝜋𝑦),
(65)

with 𝜁 = −8𝜋2∕𝑅𝑒. The case is simulated until 𝑡 = 1, and then the results are compared to the analytical solution to calculate the 𝐿2
error. Fig. 5 shows the 𝐿2 error versus simulation resolution Δ𝑥̄. It shows that the two curves are almost parallel to the quadratic 
convergence line, which means that the present PG-DG scheme achieves the expected order.

6.1.2. Oscillating droplet
We evaluate the oscillating droplet problem from [82], which introduces the problem to test the accuracy of a method for sim-

ulating free-surface flow, with a corresponding analytical solution being derived. In this case, a droplet with radius 𝑅 = 1 is placed 
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Fig. 19. Dry dam-break (multiphase): the first row indicates the particle phase fields, and their corresponding phase fraction fields of water at grid 
cells are indicated in the second row, where the results are from Fig. 18.

in the center of the domain, as shown in Fig. 6. The droplet has an initial velocity of 𝑣0𝑥 = 𝜎0𝑥 and 𝑣0𝑦 = −𝜎0𝑦, and is subject to 
a conservative force field with the acceleration given as 𝒇 = −Ω2𝒙 with 𝒙 = (𝑥, 𝑦). In this case, we select 𝜎0 = 0.5 and Ω = 1. The 
artificial sound speed is chosen as 𝑐 = 8.

Fig. 7 showcases the droplet deformations at three typical times in the third oscillation period, and this case is simulated using 
resolution Δ𝑥̄ = 1∕80. The figure illustrates that the pressure field is quite smooth, and the deformation shapes at three times agree 
very well with the theoretical shapes derived using the partial differential equations given in [82]. A clearer plot of the semi-axis 
length 𝐴 versus time is presented in Fig. 8(a), where the present results are compared with the theoretical solution. Good agreement is 
observed between the present results and the theory. Fig. 8(b) shows that, as the resolution is increased, the present method gradually 
approaches the reference solution.

To examine the convergence rate of the present method in simulating free-surface flows, the 𝐿2 error of 𝐴 is plotted against the 
resolution Δ𝑥̄, as shown in Fig. 9. Two versions of the present method are employed in the simulations. Here, “present O2” denotes 
the use of the test functions given in Eq. (8), whereas “present O1” denotes the degraded first-order version, which is equivalent to 
a conventional first-order finite-volume method. The results show that the convergence order of present O2 is higher than first-order 
but lower than second-order, which may be attributed to the free-surface treatment adopted in the present method. In the present 
method, grid cell interfaces are used to represent the phase interface, which is less smooth than the actual free surface. By contrast, 
conventional approaches typically employ piecewise linear interface calculation (PLIC) [83] to reconstruct the interface with linear 
segments, thereby achieving second-order accuracy. This explains why the present method exhibits an order of accuracy lower than 
second-order in free-surface simulations. Although the present method cannot achieve second-order accuracy near the free surface, it 
is straightforward to implement, and its convergence order remains higher than first-order. The multiphase flow examples presented 
below further show that the present method remains quite accurate even at very low resolutions when compared with widely used 
meshless methods.

6.2. Rayleigh–Taylor instability

The Rayleigh–Taylor instability is a typical case to validate a method for multiphase flow. This case requires a proper interface 
treatment between different phases. As shown in Fig. 10, the computational domain is [𝐿 × 2𝐿], with the heavy and light phases 
placed on the top and bottom, respectively, where 𝐿 = 1 is chosen in this study. The two phase domains are separated with a curve 
𝑦 = 1 − 0.15 sin(2𝜋𝑥) and are subject to a gravitational acceleration of 𝑔 = 1 pointing vertically downwards, and the densities of light 
and heavy fluids are 𝜌1 = 1 and 𝜌2 = 1.8, respectively. The Reynolds number is chosen as 𝑅𝑒 =

√

𝐿3𝑔∕𝜈 = 420, where 𝜈 is kinematic 
viscosity, which is the same for the two fluids. In this case, the walls are set as having no-slip boundary conditions, and the artificial 
sound speeds are chosen as 8 and 12 for the heavy and light fluid, respectively. For the resolution of Δ𝑥̄ = 1∕80, the computational 
cost is shown in Table 1.

The water-front trajectories obtained at various resolutions are plotted against 𝑡∗ in Fig. 17(a). It can be seen that the curves 
almost collapse onto one another and agree well with the reference results reported in [88], indicating that a relatively low resolution, 
Δ𝑥̄ = 𝐻∕40, is already sufficient to achieve accurate simulation results. Similarly, the pressure history measured at P1 is shown in 
Fig. 17(b). It can be clearly observed that the present results agree well with the experimental data reported in [87] as the resolution 
increases, although some temporal oscillations are present. In fact, such pressure oscillations in time are expected. They are a typical 
feature of simulations based on a weakly compressible EOS, i.e., Eq. (6). In reality, water is nearly incompressible, whereas a much 
lower artificial sound speed is adopted in the numerical model, which leads to stronger pressure oscillations, particularly at the impact 
instant near 𝑡∗ = 2.4. This phenomenon has been widely reported in many previous studies, such as [26,89]. It was also reported in 
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Fig. 20. Dry dam-break (multiphase): (a) water front, water height at (b) M1 and (c) M2 versus 𝑡∗ simulated using different resolutions, and 
comparison to other references.

Fig. 21. Dry dam-break (multiphase): measured pressure at (a) P1 and (b) P2 versus 𝑡∗ simulated with different resolutions, and comparison to 
other references.

[90] that a so-called acoustic damper can be used to alleviate the pressure oscillations associated with the weakly compressible EOS. 
In addition, some studies model water as a fully incompressible fluid and solve a pressure Poisson equation, in which case no obvious 
oscillations are observed, as in [88,91]. This is beyond the scope of the present study.

The flow snapshots at different times obtained with a resolution of Δ𝑥̄ = 1∕80 are shown in Fig. 11. The results show the devel-
opment of the characteristic mushroom-shaped structure as the heavier fluid descends, and the interface between the two fluids is 
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Fig. 22. Dry dam-break (multiphase): (a) the total energy dissipation versus time, simulated using various resolutions; (b) the total mass and volume 
variations 𝑀𝑇  and 𝑉 𝑇  relative to their initial values 𝑀0 and 𝑉 0 of the water phase in the grid domain, and the dotted line represents the particle 
mass and volume variation.

Table 1 
Computational cost of Rayleigh–Taylor instability at 
Δ𝑥̄ = 1∕80, where wall time is that required to reach a 
simulation time of 5. The computation is performed on 
two AMD EPYC 75F3 32-core processors.
 Particle count  Cell count  Time step  Wall time (s)
 12,800  12,800  0.00018  917

clearly captured. The present simulation results are compared with the reference results reported in [80], which were obtained using 
both mesh-based level-set and meshless SPH methods. Reasonable agreement with the reference results is observed at 𝑡 = 5. Different 
resolutions are used to simulate this case, and the flow snapshots at 𝑡 = 5 are displayed in Fig. 12. It shows that even at very low 
resolutions, i.e., Δ𝑥̄ = 1∕25 and 1∕40, the present method can provide reliable results close to the convergent one. The interfaces of 
multiple results are put together for further comparison in Fig. 12(f), and it shows that the multiple interfaces almost overlap among 
the different resolutions. In [84] and [85], where SPH is employed for simulation, the results by resolution Δ𝑥̄ = 1∕50 are still far 
away from the reference; in contrast, our result by Δ𝑥̄ = 1∕25 is almost close to the convergent solution. For a more quantitative com-
parison, Fig. 13(a) presents the time histories of the maximum height 𝑦max of the light fluid obtained at various resolutions, showing 
that the results at all resolutions are consistent with one another. The present results are also compared with the reference solution 
reported in [82], which was derived from a so-called toy model based on Layzer theory [86], and a good agreement is observed. 
Fig. 13(b) presents the total mass 𝑀𝑇  relative to the initial mass 𝑀0 of the light phase in the particle and grid domains. It shows 
that, while mass conservation is strictly ensured in the particle domain, it is not in the grid domain. In fact, strict mass conservation 
in the grid domain is not necessary, since the grid domain is used to solve the mass and momentum equations, and particles carry 
all persistent states. This case shows that the present method can provide a reliable result even with a very low resolution, which is 
hard to achieve using other meshless methods such as SPH.

6.3. Dry dam-break

The dam-break case is a typical benchmark case to inspect the performance of a numerical method for simulating flows with 
complex interfaces. This case has both experimental measurements given in [87] and a variety of numerical references, for which a 
typical setup is shown in Fig. 14. A water column with height 𝐻 = 0.6 m and length 2𝐻 is placed at the left of the water tank with the 
length and height being 3.2196m and 1.8m, respectively. For water, the density and dynamic viscosity are selected as 1000 kg∕m3

and 1 × 10−3 Pa ⋅ s, respectively, and for air, we select 1.29 kg∕m3 and 1.8 × 10−5 Pa ⋅ s. The local gravitational acceleration is chosen as 
𝑔 = 9.81 m∕s2. The artificial sound speeds for the water and air are set as 10

√

2𝑔𝐻 and 150 m∕s, respectively. The walls are assigned 
no-slip boundary conditions in this case. Two pressure probe points (as shown in Fig. 14) are selected for measurement. Using real 
time 𝑡, the non-dimensionalized time is defined as 𝑡∗ = 𝑡

√

𝑔∕𝐻 .

6.3.1. Single-phase case
First, only the water phase is considered, while the air phase is treated as vacuum, which is a typical treatment in many meshless 

methods. The present free-surface formulation is employed for this scenario. Fig. 15 shows the simulation results obtained with a 
resolution of Δ𝑥̄ = 𝐻∕50, where the pressure field is presented in contours. The present results show that the pressure field remains 
quite smooth, which is an advantage over the conventional SPH method, in which pressure noise often appears in space during violent 
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Fig. 23. Dry dam-break (3D single-phase): 3D flow snapshots simulated with resolution Δ𝑥̄ = 𝐻∕40 at different times, where contour indicates 
pressure.

free-surface flows. In addition, the present method can accurately capture the free-surface particles, as shown in Fig. 16, where the 
surface particles are marked in red at 𝑡∗ = 7.12.

6.3.2. Multiphase case
Numerous studies have shown that neglecting the air phase leads to inaccurate simulations in the late stage of dam-break flow, 

because the air-cushion effect becomes non-negligible at that stage. In light of this, multiphase dam-break flow—including the air 
phase—is considered. Compared with the previous free-surface case, the only difference is that the vacuum phase is replaced by air. 
In this case, the CFL number is set to 0.15 in view of the large density ratio. For the resolution of Δ𝑥̄ = 𝐻∕40, the computational cost 
is shown in Table 2.
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Fig. 24. Dry dam-break (3D single phase): flow front versus time using different resolutions.

Fig. 25. Schematic of Non-Boussinesq gravity currents and dimensions.

Fig. 26. Non-Boussinesq gravity currents: snapshots simulated using resolution Δ𝑥̄ = 𝐻∕40 showing phase and pressure fields at different times.

Table 2 
Computational cost of dam-break at Δ𝑥̄ = 𝐻∕40, where wall 
time is that required to reach a simulation time of 2.8 s. The 
computation is performed on two AMD EPYC 75F3 32-core 
processors.

 Particle count  Cell count  Time step (s)  Wall time (s)
 25,347  25,466 1.41 × 10−5  14,475

The simulation results obtained with a resolution of Δ𝑥̄ = 𝐻∕40 at different times are shown in Fig. 18, where the phase distribution 
(left), pressure field (middle), and velocity field (right) are presented. Before approximately 𝑡∗ = 6, the water motion appears nearly 
identical to that in the free-surface case. After that, the water front plunges into the water, trapping air as shown at 𝑡∗ = 6.51. The 
trapped air then begins to exert a cushioning effect, and the air pressure rises slightly. By contrast, in the free-surface case, the air 
is assumed to remain at a constant ambient pressure; consequently, the free-surface solution starts to deviate from the physical one. 
A similar behavior is observed at 𝑡∗ = 7.12. At a later stage, e.g., at 𝑡∗ = 9.70, the flow becomes highly violent and breaks into many 
jets and small fragments in the air, which strongly disturb the surrounding air and generate vortical structures over a wide range of 
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Fig. 27. Non-Boussinesq gravity currents: flow profiles at 𝑡∗ = 4.2 simulated using various resolutions.

Fig. 28. Non-Boussinesq gravity currents: (a) displacement of the light fluid front versus 𝑡∗, where multiple resolutions are used and compared to 
the experimental data from [101]; (b) comparison between 2D and 3D results using resolution Δ𝑥̄ = 𝐻∕30.

scales. Fig. 19 indicates the corresponding phase fraction fields 𝛼water at times 𝑡∗ = 7.12 and 9.70 in the second row. The phase fraction 
field 𝛼water shows consistency with the particle distribution given in the first row. Although the phase fraction is diffuse in the grid 
domain, the interface width does not grow during the simulation because 𝛼water is calculated directly using particle distribution, as 
remarked in Section 3.1.1. The phase fraction is only used to mix the field values updated in different phases, and in the separate 
update, it is a sharp-interface treatment, which does not require handling discontinuity at the interface, and this avoids possible 
excessive numerical dissipation. Thanks to the no-mass-dissipation property of the present method, the small jets can be captured 
well. By contrast, methods based on the conventional phase advection equation, such as that in [92], smear out most of the violent 
jets in dam-break flow. A similar phenomenon is also observed in [60], where the flow interface appears to broaden as the simulation 
progresses. Some other studies employ interface-sharpening techniques [93]; however, such sharp-interface treatments are relatively 
complicated.

Furthermore, the water-front trajectories and water height in the multiphase dam-break case are shown in Fig. 20. Fig. 20(a) 
presents the water-front trajectories obtained at various resolutions, and good agreement is observed with the reference results 
reported in [88]. It can also be clearly seen that the simulation is nearly converged at a resolution of Δ𝑥̄ = 𝐻∕40. Compared with the 
single-phase case, the water front advances slightly more slowly because of the effect of the air phase. Fig. 20(b) and (c) show the water 
heights measured at two observation points, M1 and M2. The results indicate that the present simulations achieve convergence at 
Δ𝑥̄ = 𝐻∕40 and agree well with the SPH results reported in [94], which were obtained using a much higher resolution of Δ𝑥̄ = 𝐻∕160. 
By contrast, the present method, even with a relatively coarse resolution of Δ𝑥̄ = 𝐻∕25, already provides an accurate prediction. The 
present simulation results also show reasonable agreement with the experimental data reported in [87], particularly in the early stage 
of the simulation. The deviation observed at later times is also reported in other numerical studies and may be attributed to the fact 
that the highly chaotic and violent flow in the experiment is sensitive to external factors, such as tank-wall roughness and geometric 
imperfections.

The pressure histories probed at two different locations, P1 and P2, are plotted in Fig. 21. At P1, the present results agree quite well 
with the experimental measurement, especially at the peak around 𝑡∗ = 2.45 and the plunging instant around 𝑡∗ = 6. At the pressure 
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Fig. 29. Non-Boussinesq gravity currents: 3D (a) phase and (b) pressure snapshots at 𝑡∗ = 4.2, simulated using resolution Δ𝑥̄ = 𝐻∕30.

Fig. 30. Schematic of gravity currents of hybrid phases and dimensions.

peak, the present simulation with a relatively coarse resolution of Δ𝑥̄ = 𝐻∕25 already yields a value very close to the experimental 
result, around 𝑝∕𝜌𝑔𝐻 = 3. As the resolution is increased, the predicted peak pressure becomes even closer to the experimental value. 
Around 𝑡∗ = 6, the slight pressure rise caused by the plunging water is accurately captured by the present method. This is noteworthy 
because many meshless methods tend to predict this event with a delay [26,75,94–96]. In addition, the present results agree very well 
with the high-resolution results obtained using a purely mesh-based method, in which a weighted essentially non-oscillatory (WENO) 
scheme is employed to reduce numerical dissipation near the interface [97]. Similarly, good agreement with [97] is also observed 
in Fig. 21(b). The pressure oscillations are caused by the weakly compressible EOS employed here, as explained in the single-phase 
case. Compared with the single-phase case, the oscillations are much weaker, which may be attributed to the air-cushion effect. They 
also become less pronounced as the grid resolution is increased. The reference results shown in this figure are taken from [97], in 
which a fully incompressible formulation is used. This explains why no pressure oscillations are observed in the reference solution. 
By contrast, in [61], a weakly compressible EOS is also employed in a purely mesh-based method with a high-order WENO scheme, 
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Fig. 31. Gravity currents: flow snapshots of phase field at different times simulated using resolution Δ𝑥̄ = 𝐻∕25.

Fig. 32. Gravity currents: phase fields at 𝑡∗ = 5.15 simulated using different resolutions.

and much stronger oscillations than those in the present results are observed. That issue was reported to be alleviated by replacing 
the conservative variables with primitive variables [62]. In contrast, although conservative variables are also used in the present 
method, the pressure oscillations in the present results do not appear to be pronounced.

Moreover, the variation of the total energy 𝐸T over time is investigated by comparing it with the initial total energy 𝐸0
T. To this 

end, the ratio 𝐸T∕𝐸0
T is plotted in Fig. 22(a) for different resolutions. The present results are compared with the SPH results reported 

in [94,95,98]. It can be seen that even the coarsest resolution of the present method, Δ𝑥̄ = 𝐻∕25, exhibits lower energy dissipation 
than that reported in [94] with Δ𝑥̄ = 𝐻∕40 and in [95] with the much finer resolution Δ𝑥̄ = 𝐻∕120. This comparison demonstrates 
that the present method introduces very low energy dissipation in multiphase flows with a large density ratio. The relative mass and 
volume variations 𝑀𝑇 ∕𝑀0 and 𝑉 𝑇 ∕𝑉 0 of the water phase in the grid domain are depicted in Fig. 22(b), where the particle mass 
variation is plotted using the dotted line. It shows that in the particle domain, mass conservation is ensured perfectly; however, the 
grid domain shows a slight increase, which implies that the conservation property is not met in the grid domain. One can also find 
that the mass increases entirely overlap with the volume increases, and this means that the grid mass increase is due to an expansion 
of the region occupied by the water particles. In fact, this is a common issue in simulating violent flows when applying PST to particle-
based methods, since the PST cannot strictly ensure the volume consistency, which sometimes leads to volume expansion in violent 
flows, as reported in previous studies [77,99,100]. Because the occupied region is expanded, the volume of the grid domain will also 
expand correspondingly, and this leads to a slight mass increase in the weakly compressible flow. Employing an advanced version 
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Fig. 33. Gravity currents: flow height measured at 𝑥 = 1.5 simulated using various resolutions.

of the PST can solve this problem. Nonetheless, the present method focuses on particles, where particles carry all the necessary field 
information. Thus, as long as the mass does not reduce for the particles, they will be mapped back to the grid, which will increase 
the simulation accuracy in cases with violent flows.

Overall, the multiphase dam-break case demonstrates that, in addition to its no-mass-dissipation property in the particle domain, 
the present method achieves high accuracy for multiphase flows with a large density ratio, and reliable predictions can be obtained 
even at low resolutions. Owing to the high accuracy and low-dissipation properties of the PG-DG method, the present approach can 
achieve accuracy comparable to, or even better than, that of purely mesh-based methods, while accurately preserving mass in the 
particle domain.

6.3.3. 3D single-phase case
A 3D case is further considered to demonstrate the performance of the present method. All parameters and dimensions are the 

same as those shown in Fig. 14, except that an additional dimension is introduced such that the flow width in the 𝑧-direction is 0.5𝐻 . 
The flow snapshots obtained with a resolution of Δ𝑥̄ = 𝐻∕40 are shown in Fig. 23. The results show that the pressure field remains 
smooth, and the overall flow profiles are very similar to the 2D results shown in Fig. 15. The water fronts simulated using different 
resolutions are recorded in Fig. 24. It turns out that the results of different resolutions almost overlap, and the agreement is observed 
even at resolution Δ𝑥̄ = 𝐻∕30. The present 3D results show very little difference from the 2D ones, and a good agreement is observed 
with the reference from [88].

6.4. Gravity currents

6.4.1. Non-Boussinesq gravity currents
The case of non-Boussinesq gravity currents was investigated experimentally in [101] and is adopted here as a numerical bench-

mark to assess the performance of the present method in simulating multiphase flows. The configuration of this case is shown in 
Fig. 25. Two fluids with densities 𝜌1 = 1466 kg∕m3 and 𝜌2 = 1000 kg∕m3 are initially placed in the left and right halves of the con-
tainer, respectively. The container has a length of 𝐿 = 1.82 m and a height of 𝐻 = 0.2 m. The kinematic viscosity is set to 1 × 10−6 m2∕s
for both fluids. The gravitational acceleration is taken as 𝑔 = 9.81 m∕s2. The artificial sound speeds of the two fluids are set to the 
same value, namely 10

√

2𝑔𝐻 . No-slip boundary conditions are imposed on the walls in this case. The nondimensional time is defined 
as 𝑡∗ = 𝑡

√

𝑔(1 − 𝑟)∕𝐻 , where 𝑟 = 𝜌2∕𝜌1. Meanwhile, a 3D case is also considered, where the added dimension is the spanwise width 
of 0.08 m, and all the settings are the same otherwise.

Fig. 26 shows the simulation snapshots obtained with a resolution of Δ𝑥̄ = 𝐻∕40, where the phase and pressure fields are presented 
in contours. From the phase field, it can be clearly seen that the heavier fluid propagates to the right along the bottom of the 
container, and, due to the shear stress acting at the interface, many vortical structures develop. The pressure fields remain quite 
smooth throughout this process. Fig. 27 shows the flow profiles at 𝑡∗ = 4.2 obtained with various resolutions. The results indicate 
that the overall flow profiles are consistent across all resolutions. The main difference is that the small vortical structures become 
increasingly complex as the resolution is refined. At a fixed resolution of Δ𝑥̄ = 𝐻∕80, the present results exhibit many more small-
scale vortical structures than those reported in either [29] or [74]. In contrast, even at the relatively low resolution of Δ𝑥̄ = 𝐻∕40, 
such vortical structures have already developed clearly. As for purely mesh-based methods, these small-scale structures are usually 
subject to strong numerical dissipation, especially in weakly compressible flows. The displacement histories of the light-fluid front 
obtained with various resolutions are shown in Fig. 28(a) and compared with the experimental data reported in [101]. The results 
show that the present simulations are consistent across different resolutions and agree well with the experimental data. Even at the 
relatively low resolution of Δ𝑥̄ = 𝐻∕30, the result is already very close to the converged solution. The 3D simulation is shown in 
Fig. 29 at 𝑡∗ = 4.2, where the same profile is observed compared with the 2D result. In Fig. 28(b), the light fluid front shows quite 
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good agreement between 2D and 3D results. Overall, this case demonstrates that the present method can provide accurate results at 
very low resolutions while maintaining very low numerical dissipation near the interface. In addition, the 3D capability of PG-DG for 
multiphase flow is again validated.

6.4.2. Gravity currents of hybrid phases
In the final case, we demonstrate the performance of the present method in simulating flows involving both multiphase interfaces 

and free surfaces. The setup of this case is adopted from [80]. In this case, two fluids with densities 𝜌1 = 2 and 𝜌2 = 1 are placed in 
the container, as shown in Fig. 30, while the remaining part of the container is treated as vacuum. According to [80], the dynamic 
viscosities are set to 1.41 × 10−6 and 1 × 10−6, respectively, and no-slip boundary conditions are imposed on the walls. The gravitational 
acceleration is set to 𝑔 = 1 in the vertical downward direction. The artificial sound speed 10

√

2𝑔𝐻 is found to be sufficient for both 
fluids. The nondimensional time is defined as 𝑡∗ = 𝑡

√

𝑔∕𝐻 .
Fig. 31 shows the phase fields at various times obtained with a resolution of Δ𝑥̄ = 𝐻∕25. The results indicate that both the 

multiphase interface and the free surfaces are well captured simultaneously. Comparison with the reference results reported in [80] 
shows good agreement at different times. In particular, some small vortical structures are captured, consistent with the reference 
results. Notably, the present simulation appears to resolve more small-scale vortical structures than the reference results, even though 
the adopted resolution is lower than those used in the references. In order to show the low dissipation property of the present method, 
multiple resolutions are employed for simulation, for which the phase fields at 𝑡∗ = 5.15 are shown in Fig. 32. One can clearly observe 
that the vortical structures and small fragments emerge when the resolution is increased. In contrast, the small structures are usually 
dissipated using conventional pure mesh-based methods based on the advection equation. To quantitatively assess the performance 
of the present method, the flow height measured at 𝑥 = 1.5 is shown in Fig. 33, where results obtained at multiple resolutions are 
compared. The results show clear convergence among the simulations, and even a relatively low resolution of Δ𝑥̄ = 𝐻∕20 already 
yields an accurate prediction. This further demonstrates that the present method remains accurate even at low resolutions.

7. Concluding remarks

This study proposes a particle-grid DG method for simulating weakly compressible free-surface and multiphase flows. Different 
sets of particles are employed in the fluid domain to represent different fluid phases, and these particles are embedded in background 
DG grid cells. In the P2G step, particles are mapped to DG grid cells according to the phase status of each cell, which is determined 
by the phase fraction. The phase fraction of a cell is computed using particles located in its neighboring cells, thereby ensuring mass 
conservation in the particle domain. The field values are then updated on the DG grid. In the G2P step, the grid field values are 
mapped back to particles using the DG test functions. Surface particles can be readily identified with the present method, and the 
particle distribution is correspondingly regularized using a kernel-based technique. Free-surface fluxes are determined according to 
whether a neighboring cell is vacuum. In multiphase interfacial regions, a post-mixing rule is introduced for the PG-DG method, which 
avoids the excessive numerical dissipation commonly encountered in conventional VOF or level-set methods for weakly compressible 
flows.

The proposed PG-DG method is validated through a series of benchmark cases. The results show that the present method achieves 
second-order convergence in cases without free surfaces or multiphase interfaces, while the convergence rate lies between first and 
second order in flows involving interfaces. Across all test cases, the proposed method demonstrates high robustness and accuracy in 
simulating free-surface flows, multiphase flows with large density ratios, and combined free-surface and multiphase flows in both 
2D and 3D configurations. Nearly all cases show that the present method can provide reliable results even at low resolutions, where 
conventional SPH methods generally struggle to achieve comparable accuracy. In fact, the method can achieve accuracy comparable 
to, or even better than, that of mesh-based methods. A particularly notable advantage is that the proposed method does not suffer 
from mass dissipation, which remains a longstanding challenge for purely mesh-based methods. In addition, the method exhibits 
very low energy dissipation in multiphase flow simulations. There are also, at present, several limitations of the PG-DG method: the 
method is based on structured Cartesian grids, which means that treating complex geometry may not be easy in this version; the 
method is based on a weakly compressible EOS; and accuracy near free surfaces is lower than the expected second order. Future work 
aims to address these limitations, including extending the PG-DG method to the important case of strongly compressible multiphase 
flows.
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